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Closed-loop prediction of thermal plume dynamics in Rayleigh–Bénard convection using 
delay-embedded optical reservoir computing 
1,2Anja Bartelmei*; 1Stefan Sinzinger; 2Jörg Schumacher 

1 Optical Engineering, Technische Universität Ilmenau, P.O.Box 100565, D-98684 Ilmenau, Germany 
2 Fluid Mechanics, Technische Universität Ilmenau, P.O.Box 100565, D-98684 Ilmenau, Germany 

Abstract  

We present an optical implementation of reservoir computing for predicting the formation of thermal plumes in the 
near-wall region of a three-dimensional Rayleigh-Bénard convection layer. To this end, we analyse horizontal slices 
of the vertical temperature derivative at the wall – a blueprint of the complex structure formation process. The data 
are obtained from direct numerical simulations of Rayleigh–Bénard convection with a Rayleigh number Ra = 105 
and a high temporal resolution. Optical computing has many advantages. Besides processing speed, massive 
parallelism and energy efficiency, it offers the possibility for the implementation of scalable neural networks. One 
concept that is straightforward to implement is brain-inspired reservoir computing. The backbone of this algorithm 
is a sparsely connected recurrent neural network, the reservoir, which maps sequential inputs in a high-dimensional 
data space. In contrast to other methods, the output weights are trained only. Our implementation is based on a free 
space laser-optical imaging system. The setup builds on the use of an optical input device – the spatial light modulator 
– which, in combination with two polarizers, ensures a nonlinear processing of the reservoir state vectors. With full 
HD, the input device has enough pixels for the system to process large amounts of data in parallel without the 
necessity of a dimensionality reduction. This allows the implementation of delay embedding, which increases the 
memory of the network and improves the general performance over a broader parameter range. By loading the input 
and reservoir states from the previous prediction step on the same chip, the closed-loop scenario of reservoir 
computing, a cascading memory is created, which represents several past time steps in parallel. Trained 
hyperparameters are the size of the input array and the number of delays. We investigate the scalability of our 
experimental setup with an increasingly complex learning task.  

Keywords: Rayleigh–Bénard convection, Reservoir computing, Optical computing 
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Surrogate Quantum Circuit Design for the Lattice Boltzmann Collision Operator 
1Monica �/���F���W�X��*; 1Matthias Möller 

1Delft Institute of Applied Mathematics, Delft University of Technology, Mekelweg 4, 2628 CD Delft, The Netherlands 

Abstract  

Interest in the development of quantum computing hardware and algorithms has steadily 
increased over the last decade due to their promise of accelerating certain computational 
tasks beyond classical capabilities. In fluid flows, the wide range of spatiotemporal scales 
that emerge as the Reynolds number increases makes direct numerical simulation (DNS) 
increasingly intractable, restricting DNS to low Reynolds numbers and simple geometries. 
This has motivated the development of quantum computational fluid dynamics methods, 
particularly the quantum lattice Boltzmann method (QLBM), which offers exponential 
memory compression: while classical LBM scales linearly in the number of grid points and 
lattice velocities, quantum implementations scale polylogarithmically, suggesting that fault-
tolerant devices with on the order of 100 logical qubits could, in principle, access DNS-scale 
regimes for complex geometries. Despite this promise, progress in QLBM has been slow due 
to the nonlinear and dissipative nature of the collision operator, which violates the linear, 
unitary, and reversible structure of quantum computation. Existing approaches either rely on 
linearization techniques such as Carleman linearization [1], which introduce probabilistic 
circuits and lack convergence guarantees, or neglect nonlinearity entirely [2], preventing 
recovery of viscous stresses. 

In this work, we propose a new strategy rooted in classical surrogate modeling for fluid flows 
[3]. We design and classically train a surrogate quantum circuit (SQC) to learn the 
Bhatnagar-Gross-Krook collision operator. Trained within a quantum circuit learning 
framework [4], the SQC preserves essential physical constraints including mass and 
momentum conservation, lattice symmetries, and scale equivariance while remaining 
unitary. The resulting four-qubit circuit provides a compact realization of the collision step 
compatible with quantum hardware. We validate the model on benchmark flows such as 
Taylor-Green vortex decay and lid-driven cavity flows, demonstrating accurate reproduction 
of dissipative dynamics and flow recirculation. This approach establishes a practical collision 
operator for QLBM and highlights the potential of quantum machine learning for physics-
informed operator learning in quantum computational fluid dynamics. 

 

Keywords: surrogate modelling, quantum lattice Boltzmann method, quantum machine learning 

[1] C. Sanavio, W. A. Simon, A. Ralli, P. Love, S. Succi, Carleman�±lattice�± Boltzmann quantum circuit with matrix 
access oracles, Physics of Fluids 37 (3) (2025) 037123. doi:10.1063/5.0254588. 

[2] L. Budinski, Quantum algorithm for the advection�±diffusion equation simulated with the lattice Boltzmann 
method, Quantum Information Processing 20 (2021) 57. doi:10.1007/s11128-021-02996-3. 

[2] A. Corbetta, A. Gabbana, V. Gyrya, D. Livescu, J. Prins, F. Toschi, Toward learning lattice Boltzmann collision 
operators, European Physical Journal E 46 (3) (2023) 10. doi:10.1140/epje/s10189-023-00267-w. 

[3] K. Mitarai, M. Negoro, M. Kitagawa, K. Fujii, Quantum circuit learning, Phys. Rev. A 98 (3) (2018) 032309, 
published 10 September 2018. doi: 10.1103/PhysRevA.98.032309. 
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An Improved Data-driven RANS Modelling Approach for Separated Flows 
1Ioannis Kyritsopoulos*; 1Michael Mays; 1Saleh Rezaeiravesh; 1Alistair Revell; 

1School of Engineering, The University of Manchester, Manchester, UK 

Abstract  

We present a data-driven RANS turbulence model to address the limitations of eddy viscosity models in predicting 
flows with separation. The model is based on the SST-CC (Curvature Correction) and SST-RM (Reattachment 
Modification) models, which use correlations to modify the turbulent production term of the TKE equation, 
enhancing turbulence in the separating shear layer and promoting flow reattachment. A physics-based data-driven 
framework is used for the calibration and development of correlations in these turbulence models, and applied to 
flow separation. The calibration phase leverages a simple algebraic correction function, with coefficients specifically 
designed for flow separation prediction, avoiding ad-hoc corrections often used in methods like field inversion. 
Bayesian optimisation (BO) is used for the calibration of the correction function in wall-bounded cases and then 
generalised using Symbolic Regression (SR).  The BO-SR training set includes periodic hills, parametric bumps, and 
a curved backward-facing step. The SR model was evaluated on the FAITH hill case and the Ahmed body, with 
promising results for velocity, and turbulent kinetic energy predictions. The developed reattachment modification 
model significantly improved predictions for flows with large separations and shows good generalisation. 

 

Keywords: Turbulence Modeling, RANS models, Machine Learning, Bayesian Optimisation, Symbolic Regression 
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ABSTRACT

Well-posedness of the Navier-Stokes equations in both the deterministic and stochastic settings is an
open problem [1, 2]. The existence of global weak solutions has been proven in both cases, however
uniqueness has not been established so far. Besides, the existence and uniqueness of strong solutions
is guaranteed only locally in time. Stochastic Navier-Stokes equations with random forcing have been
considered for various reasons. From a mathematical point of view, a conjecture by Kolmogorov sug-
gests that the addition of noise could possibly reduce the number of physically meaningful invariant
measures, which are not unique in general. From an engineering point of view, structural vibrations for
�ow �elds in aeronautical applications, or sun heating and industrial pollutions in atmospheric dynam-
ics, for example, can be modeled as random loads. From a computational point of view, this framework
paves the way for generative models based on score-matching [3], which learn the logarithmic gradient
of the probability density of an underlying diffusion process. By parameterizing this �eld with a neural
network, the statistical geometry of the velocity �elds can be reconstructed without explicit knowledge
of their probability distribution, allowing the �ow statistics to be reconstructed or sampled via inverse
diffusion processes. These methods rely on the rise of generative diffusion models in scienti�c machine
learning, a class of models particularly powerful for learning complex distributions [4, 5]. Building on
recent advances in generative modeling for computational �uid dynamics, we show in this communi-
cation how conditional score-based diffusion models can be adapted to account for physical constraints
pertaining to the �ow properties, in particular incompressibility or turbulence spectra, and illustrate our
approach with numerical simulations [6, 7].

REFERENCES

[1] F. Flandoli. An introduction to 3D stochastic �uid dynamics. InSPDE in Hydrodynamic: Recent Progress
and Prospects (G. Da Prato, M.Rückner, eds.), Lecture Notes in Mathematics1942, pp. 51-150. Springer,
Berlin (2008).

[2] J. C. Robinson. The Navier-Stokes regularity problem.Philosophical Transactions of the Royal Society A:
Mathematical, Physical and Engineering Sciences378(2174), 20190526 (2020).

[3] P. Vincent. A connection between score matching and denoising autoencoders.Neural Computation23(7),
1661-1674 (2011).

[4] J. Sohl-Dickstein, E. Weiss, N. Maheswaranathan, S. Ganguli. Deep unsupervised learning using nonequi-
librium thermodynamics.Proceedings of Machine Learning Research37, 2256–2265 (2015).

[5] Y. Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, Abhishek, S. Ermon, B. Poole. Score-based generative
modeling through stochastic differential equations.arXiv:2011.13456 (2020).
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Bayesian Neural Network Surrogates for Aerodynamic Shape Design 

1Jan Rottmayer*; 1Emre Özkaya; 1Long Chen; 1Nicolas R. Gauger; 
1RPTU Kaiserslautern-Landau 

Abstract  

This paper investigates Bayesian Neural Networks (BNNs) as surrogate models within surrogate-based optimization 
(SBO) for aerodynamic shape optimization (ASO) problems. SBO is a well-established paradigm for optimizing 
computationally expensive black-box objectives by iteratively fitting a probabilistic surrogate and selecting new 
candidates through an acquisition function, which provides an exploration-exploitation tradeoff. Gaussian Process 
Regression (GPR), or more commonly known as Kriging, remains a standard choice due to the strong inductive bias 
via kernels and a closed-form posterior, but is limited by the kernel assumptions and poor scaling to higher-
dimensional design spaces. In contrast, BNNs offer a more flexible and scalable alternative, offering less restrictive 
model bias and superior scaling, while retaining uncertainty quantification under a Bayesian treatment of network 
parameters.  

BNNs generalize deterministic neural networks by placing distributions over weights and biases, inducing a 
predictive distribution via Bayesian inference. Since exact posterior inference is intractable, we consider approximate 
inference schemes suitable for SBO loops with limited computational budget. We consider Monte Carlo Dropout 
(MCD) and Infinite-width BNN (IBNN) as variational inference methods and compare against Hamiltonian Monte 
Carlo (HMC), which draws from the theoretical neural network posterior distribution, and its approximate counterpart 
Stochastic Gradient Hamiltonian Monte Carlo (SGHMC). 

We validate the proposed methodology on two separate ASO problems. For both problems we use the SU2 RANS 
solver and consider transonic flow conditions. The first ASO considers a NACA0012 profile, decomposed into 
camberline and thickness distribution, where the camberline is parameterized by 12 Hicks-Henne bump functions. 
We minimize drag and maximize lift in a multi-objective formulation of the SBO algorithm. Additionally, we include 
an ONERA wing configuration parameterized using free-form deformation (FFD) boxes to consider an alternative 
design space structure with increased dimensions (90).  The optimization problem considers drag minimization and 
lift maximization while also providing some geometric thickness constraints. 

Results indicate BNN-based surrogates achieve performance comparable to GPR while exhibiting improved 
scalability and less model bias. Overall, BNNs constitute an alternative modeling choice for CFD-constrained 
optimization workflows, combining robust function approximation and uncertainty-aware decision making in the 
SBO framework. This positions BNN-based SBO as promising direction for practical ASO, especially when 
simulation budgets are tight and reliable uncertainty quantification is essential for guiding the optimization process.   

 

Keywords: bayesian neural networks, bayesian optimization, aerodynamic shape optimization, surrogate-based optimization 
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Deep Learning-Enhanced Background Oriented Schlieren for
Droplet Evaporation

Partha Dutta1 and Dr. Kiran Raj M.1

1Department of Applied Mechanics and Biomedical Engineering, Indian Institute of
Technology, Madras

Abstract. Background-Oriented Schlieren (BOS) imaging provides a non-intrusive approach for
visualizing and quantifying vapor transport during droplet evaporation. In the present study, BOS
is applied to investigate post-impact droplet evaporation on a heated substrate, with an emphasis
on the quantitative reconstruction of vapor concentration �elds. The method is demonstrated for
measuring the transient concentration �eld after the impact of volatile droplets on solid surfaces.
Optical displacement �elds induced by refractive-index gradients are estimated using both a clas-
sical cross-correlation method and a deep-learning-based optical �ow model (IRR-PWC Net-
work), employing a physics based irrotational displacement estimation technique trained from a
pretrained neural network to obtain a high resolution displacement �eld. The results demonstrate
the potential of combining traditional cross-correlation and physics-based machine-learning dis-
placement estimation techniques to accurately capture the complex and highly transient nature
of droplet evaporation, particularly by enabling a comparative assessment of irrotational �ow
characteristics consistent with BOS.

Keywords: droplet evaporation, vapor concentration �eld, cross-correlation, optical �ow in IRR-
PWC Net.

1 Introduction

The droplet evaporation involves coupled �uid dynamics and heat transfer, with applications in inkjet
printing and combustion. The interaction of the droplet with the surrounding vapor after impact is crit-
ical in many engineering processes. Techniques such as Q-PLIF, PDPA, and He–Ne interferometry
provide high-resolution measurements but suffer from limitations, including scattering, alignment sen-
sitivity, and geometric constraints [(1; 2; 3)]. BOS measures vapor through image displacement; while
dual-camera setups improve focus [(5)], single-camera systems remain cost-effective. Combined with
PIV cross-correlation and physics-informed deep learning, irrotational BOS displacement �elds can be
estimated with improved spatial resolution [(6)] after the impact of a volatile droplet,enabling accurate
reconstruction of refractive-index gradients and quantitative analysis of vapor concentration distribution
during droplet evaporation.

2 Experimental Setup and BOS Method

The experimental con�guration utilizes a high-power LED to illuminate a 25� 20 mm background pattern
(10mm dots, 50% coverage). Imaging is performed via a FASTCAM Mini UX (1280� 1024 px, 2000 fps,
10 mm pitch) equipped with a 70 mm focal length lens (f/3.5–5.6). A 2.5 mm 1:3 (w/w) acetone–water
droplet, corresponding to 25 wt.% acetone, is released from a height of 12.5 cm onto a 100� C heated
hydrophilic surface. Optimized geometric parameters includeZlens= 337 mm andZgrad= 140 mm, the

1
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distances from the Background FOV to the camera lens and from the Gradient plane FOV to the Back-
ground FOV, respectively, as shown in (Fig.1a) and the two-dimensional schematic (Fig.1b). Reference
and distorted frames were extracted from 2000 fps sequences using ImageJ, cropped to 512×512 px, and
spatially aligned to the FOV.

(a) Distance of lens and gradient plane of BOS
setup (b) Geometry of BOS

Figure 1: Experimental setup.

3 Mathematical Formulation

The de�ection anglesex andey (Fig. 1b) are related to the refractive-index gradients by [(4)]:

ex =
1
n0

Z Zgrad+ DZD

Zgrad� DZD

¶n
¶x

dz=
2
n0

¶n̄
¶x

DZD; ey =
1
n0

Z Zgrad+ DZD

Zgrad� DZD

¶n
¶y

dz=
2
n0

¶n̄
¶y

DZD (1)

The corresponding schlieren displacements are

Dx = Kex; Dy = Key (2)

whereK = ZgradZi
Zlens

is given in equation 3 by [(5)], and whereZgrad, Zi , andZlens denote the background-
to-�ow, lens-to-image, and background-to-lens distances, respectively. Combining Eqs. (1) and (2) gives
¶ñ
¶x = CDx and ¶ñ

¶y = CDy, whereC = n0
2ZgradDZD

and n0 are the refractive index of air, andDZD is the
calibrated half-width of the �eld of view. The �nal refractive-index �eld is obtained by taking the median
of the three reconstructed �elds asn�nal (x;y) = median

�
nleft;nright;ntop

�
. Boundary conditions set the

left, right, and top boundaries tonair, while the bottom boundary remains unconstrained.

4 Displacement Field Estimation

The displacement �eld is determined by comparing reference and distorted images via PIV cross-correlation
and the IRR-PWCNet model for both clean and noisy datasets (Fig.2). PIV based cross-correlation relies
on FFT-based interrogation windows—limiting resolution to low-pass, window-averaged vectors—IRR-
PWCNet uses a seven-level feature pyramid and warped cost volumes. This architecture facilitates it-
erative residual re�nement to produce a dense, per-pixel displacement �eld, resolving high-frequency
gradients that are typically suppressed by traditional windowing.

Figure 2: Displacement vector.

2
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4.1 Synthethic data generation for model

For an irrotational displacement �eld, the vorticity is

wz =
¶Dy
¶x

�
¶Dx
¶y

: (3)

Substituting Eqs. (1)–(2) into Eq. (3) yieldswz = 2K
n0

Rh
¶
¶x

�
¶n
¶y

�
� ¶

¶y

�
¶n
¶x

�i
dz= 0. Based on this, syn-

thetic data were generated by convolving a random scalar �eld with a Gaussian �lter to obtain a smooth
potential given in C. Mucignat[(6)].

4.2 Network architecture used for BOS

The IRR-PWC-Net [(7)], based on PWC-Net [(8)], employs iterative residual re�nement with shared
weights for ef�cient and accurate optical �ow and occlusion estimation. Unlike PIV cross-correlation,
IRR-PWCNet processes images through a seven-level feature pyramid and uses a single shared decoder
to iteratively re�ne �ow across levels, resulting in a compact and accurate model (Fig.3a, Fig. 3b).

(a) PWC-Net (b) IRR-PWC-Net

Figure 3: PWC-NET Vs IRR-PWC-Net.

4.3 Loss Function evaluation for irrotational displacement

The model uses satellite images where CMOS-based physics noise [(9)] was added, and transfer learn-
ing from 22,872 FlyingChairsOcc planar-motion image pairs was utilized. Following the PIV based
cross-correlation-style formulation, only �ow weight components are used, while occlusion weight com-
ponents are excluded. The error at each layer is measured using the average End Point Error (EPE),
de�ned as theL2 norm shown in Eqs. (4), where M is the number of pixels. Since the displacement �eld
is expected to be irrotational, a curl regularization term is added to the total loss, as shown in Eqs. (5)

EPE=
1
M

M

å
k= 1

k f i
k � ( f i

GT)kk2 (4)

Loss=
N

å
i= 1

�
a ik f i � f i

GTk2 + bi(Ñ � f i)
�

(5)

Here,a i andbi weight the EPE and curl terms, respectively, at each scale N.

3
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Figure 4: Comparison of End Point Error (EPE) for the clean dataset and noisy data.

5 Results and Discussion

5.1 Comparison of displacement feild

A B C

(a) 180ms

(b) 190ms

(c) 200ms

4
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(d) 210ms

(e) 220ms

Figure 5: Comparison of the resultant displacement �elds: (A) PIV cross-correlation, (B) clean-
dataset IRR-PWC-Net, and (C) noisy-dataset IRR-PWC-Net.

PIV cross-correlation captures droplet evaporation structure, but for a 512 × 512 image, it resolves only
128 vectors (512/4) due to interrogation windows (32 × 32 to 4 × 4), averaging motion within each
window and blurring �ne features such as the thin vapor layer, especially in noisy conditions. In contrast,
IRR-PWCNet optical �ow uses a seven-level image pyramid, starting from coarse resolution to capture
large displacements and iteratively re�ning through upsampling to Level 1, producing a dense 512 × 512
�ow �eld that preserves both large and �ne-scale structures after training with rotationality constraints
on clean and noisy datasets

5.2 Comparison of rotationality

A B C

Figure 6: Comparison of rotationality: (A) PIV cross-correlation, (B) clean-dataset IRR-PWC-
Net, and (C) noisy-dataset IRR-PWC-Net.

5.3 Comparison of molefraction

The displacement �eld obtained in PIV cross-correlation,clean dataset, and noisy dataset can be used
to �nd the refractive index of the mixture .The refractive index of the mixture obtained can be used to

5
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�nd the concentration of droplet evaporation using the mole fraction derived from the Gladstone-Dale
equationnmixture� 1 = Kr given in equation (6), and their comparison is shown in (Fig.7).

c =
Dn

nvapor� nair
; (6)

A B C

(a) 180ms

(b) 190ms

(c) 200ms

(d) 210ms

6
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(e) 220ms

Figure 7: Comparison of molefraction : (A) PIV cross-correlation, (B) clean-dataset IRR-PWC-
Net, and (C) noisy-dataset IRR-PWC-Net.

5.4 Comparison of radial molefraction

(a) (b)

(c)

Figure 8: Comparison of radial molefraction (a) PIV cross-correlation vs clean dataset IRR-PWC-
Net,(b) PIV cross-correlation vs noisy dataset IRR-PWC-Net and (c) clean dataset IRR-PWC-Net
vs noisy dataset IRR-PWC-Net

The evaporation dynamics of the droplet, just after impact on a heated substrate, show the droplet oscil-
lating back and forth in the transverse direction, which can be clearly seen in the resultant displacement
(Fig. 5), as well as in the corresponding reconstructed concentration �elds given in (Fig.7) from 180
ms to 220 ms . The primary mechanism driving this lateral oscillation is the competition between the
droplet initial kinetic energy and the forces resisting its spread.The concentration �eld plot shows radial
variation starting from r=0. Comparisons between PIV cross-correlation and the IRR-PWCNet model

7
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for clean and noisy datasets (Fig.8a, Fig. 8b) indicate that the irrotationality constraint in BOS modi�es
the displacement �eld, reducing blurriness in droplet evaporation dynamics relative to standard PIVlab
cross-correlation. Additionally, Fig.8ccompares the trained model on clean and noisy datasets, demon-
strating reduced noise in the reconstructed �eld.

6 Conclusion

The IRR-PWCNet framework represents a signi�cant advancement in Background-Oriented Schlieren
(BOS) imaging by seamlessly integrating the fundamental physics of irrotational displacement �elds into
a deep-learning architecture. By penalizing curl errors and maintaining a full 512×512 spatial resolution,
this approach effectively overcomes the resolution limits and blurring artifacts typical of traditional cross-
correlation methods in PIVlab. Furthermore, the model's robustness to sensor-calibrated noise ensures
high-�delity reconstructions that are both physically consistent and exceptionally sharp. Ultimately, this
physics-based approach facilitates the visualization of transient evaporation structures and vapor mole-
fractions with a level of detail that was previously lost to standard analysis, bridging the gap between
complex �uid dynamics and neural network precision.
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Abstract. Partial differential equations (PDEs) are the mathematical foundation for computational modelling in 
science and engineering. Classical mesh-based schemes (finite difference/volume/element) are accurate and 
reliable simulation tools but can become computationally expensive and may require stabilization or refinement 
strategies that complicate implementation and can damp important solution features. Machine-learning (ML) 
methods have emerged as attractive alternatives for accelerating PDE solvers or building fast surrogates. On 
structured grids, convolutional neural networks (CNNs) naturally mimic stencil-like locality. However, a persistent 
practical limitation remains, in that boundary conditions (BCs) are often enforced softly via penalty terms in the 
loss. This work addresses the BC issue by introducing a hard (explicit) BC constraint within a learning-based PDE 
solver framework. The central idea is to keep prescribed boundary information fixed and use a finite-difference 
discretization of the PDE to actively correct boundary-adjacent behaviour during training. Comparisons with and 
without the hard BC constraint show that explicit boundary enforcement improves stability and solution fidelity 
of the CNN predictions, particularly in near-wall regions. 
 
 
1. Introduction  
The behaviour of many phenomena in science and engineering can be described by partial differential 
equations (PDEs). In fluid mechanics and heat transfer, a set of convection-diffusion equations describe 
how quantities like velocity, pressure, density, and temperature change in space and time [1]. Two 
problems consistently show up as stress tests for numerical methods in PDEs: the Poisson and the 
convection-diffusion boundary value problems (BVPs), which are an elliptic (steady flow) or parabolic 
(unsteady flow) PDE that appears in many CFD formulations [1]. Traditionally, these BVPs are solved 
using mesh-based numerical schemes such as finite difference, finite volume, or finite element methods. 
These approaches are reliable and well understood, but they can be computationally expensive, 
particularly when the mesh is very fine and when many iterations are needed [1]. For most practical 
flow scenarios, the solution quality depends heavily on how accurately wall boundary conditions and 
near-wall behaviour are captured. 

Recently, machine learning (ML) approaches have been explored as alternative PDE solvers or fast 
surrogates. Convolutional neural networks (CNNs) are attractive on structured grids because they 
naturally learn local stencil-like relationships. However, they generally suffer from the practical 
limitation that boundary conditions are often enforced softly through penalty terms in the loss function. 
As a result, predicted boundary values may not exactly match prescribed values unless the training is 
carefully tuned [2]. This is not a small issue since BVPs are known to be strongly controlled by their 
boundaries. Ren et al. [3] have noted that physical constraint mismatches can account for 20% of the 
total error in neural network models. 

In this work, the mismatch at the boundary is addressed by introducing a hard boundary condition (BC) 
constraint within a learning-based PDE solver framework, focusing on Poisson and convection-diffusion 
problems. The key idea is to keep the boundary information fixed and use the PDE discretization to 
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correct the near-boundary region during training. This correction is applied repeatedly (for example, at 
the end of each epoch), helping the learned solution remain compatible with the boundary constraints 
while the network focuses on learning the interior behaviour. Results with and without the hard BC 
constraint are compared to demonstrate how the explicit boundary enforcement improves robustness 
and overall solution quality. 

2. Proposed Methodology 
The CNN architecture for implementation of the hard boundary constraint for the Poisson and 2D 
convection–diffusion problems is designed on a decomposed domain, where the computational region 
is split into two parts: an inner square and an outer ring adjacent to the boundary. The model learns the 
solution over the inner subdomain while maintaining communication with the physical boundary 
conditions through the interface with the outer ring. The boundary values of the inner square are updated 
using information from the outer boundary [4]. For both soft and hard BC constraints, the network 
consists of an input layer with 2 neurons for the spatial coordinates (x,y), followed by two hidden layers 
with 64 neurons each and tanh activation functions, and a final output layer with 1 neuron for the scalar 
solution field. The model is trained in a coarse-to-fine manner on meshes of size 65x65, 129x129, 
257x257 and 513x513, which allows the learned parameters from a coarser mesh to initialize the next 
finer mesh and improve convergence. 

To formulate the hard boundary constraint, consider the general 2nd order convection-diffusion 

�Q
�!�Î

�!�ë
+ �R

�!�Î

�!�ì

F �Á�Ø�6�Î = �5(�T,�U)                                                                (1) 

�G�H�I�L�Q�H�G���R�Q���D���G�R�P�D�L�Q���
�����Z�L�W�K���S�U�H�V�F�U�L�E�H�G���'�L�U�L�F�K�O�H�W���Y�D�O�X�H�V���R�Q���W�K�H���E�R�X�Q�G�D�U�\���˜�
�����$�S�S�U�R�[�L�P�D�W�L�Q�J���G�H�U�L�Y�D�W�L�Y�H�V��
with finite differences yields the corresponding finite difference equation. For first and second order 
discretizations, the difference operators at grid point 
k�T�Ü, �U�Ý
o can be expressed as a linear combination 
of neighbor (nb) values on the stencil centered at (i,j ), as illustrated in figure 1a, that is,  

�=�ã�ö�ã = �=�ê �ö�ê + �=�Ø�ö�Ø+ �=�æ�ö�æ+ �=�á�ö�á + �5�ã.                    (2) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

           a)       b) 
Figure 1 a) Finite difference stencil, b) Physical and neural network domains (     physical boundary 

points for PDE;       boundary points for NN). 
 
For example, if all derivatives in equation (1) are approximated with second order central differencing 
at any grid point p in the solution domain, the coefficients in (2) are given by 
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Implementation of hard boundary constraints on a rectangular domain �
  is illustrated in figure 1b. The 
physical boundary �˜�
  is isolated and the neural network is applied on the reduced domain �
�• containing 
only the interior nodes of domain �
 . At the end of each epoch, the values of �ö at the neural network 
boundary nodes are adjusted based on the discretized PDE at these nodes. Considering the neural 
network boundary node p:(i,2) in figure 1b and applying eqn. (2), the solution at p is updated according 
to 

�ö�ã = 
k�=�ê �ö�ê + �=�Ø�ö�Ø+ �=�»�ö�» + �=�á�ö�á + �5�ã
o/ �=�ã                   (4) 
where �ö�» is the prescribed boundary value at (i,1). 
 
3. Results and Discussion 
 
3.1 Poisson equation 
Consider the Poisson equation �Ï �6�Î = 
F{2 + �è�6�T(1 
F �T)} �?�K�O(�è�U) which has the exact solution �Î =
 �T(1 
F �T)�?�K�O(�è�U) shown on the domain in figure 2. The corresponding Dirichlet boundary conditions 
for this “manufactured problem” are obtained from the exact solution, i.e., �Î (
F1,�U) =

F2cos(�è�U),   �Î (1,�U) = 0 , �Î (�T, 
F1) = �Î (�T, 1) = �T(�T 
F1), �Î (1 
F �U,�U) = �U(1 
F �U)cos(�è�U). 
 

 
Figure 2 Exact solution of Poisson BVP on a cut-shaped domain. 

 
3.1.1 Soft BC constraint for Poisson equation solver on cut-shaped domain. Table 1a evaluates cross-
mesh generalization in which the model with soft boundary constraints is trained on a coarse mesh and 
evaluated on finer meshes. The overall trend is that errors reduce as the training mesh becomes finer, 
which is expected because a higher-resolution training mesh exposes the network to more detailed 
geometry and stronger gradients. For example, training on meshes 65x65, 129x129 and 257x257, and 
testing on the 513x513 mesh shows a reduction in MSE from 1.29e-6 to 5.97e-7, and the MAE drops 
from 6.73e-4 to 4.55e-4. This indicates that mesh resolution at training time strongly influences the 
achievable error floor. A second important observation is that testing on progressively finer meshes does 
not cause instability. For instance, when the model is trained on mesh 65x65 and tested on 129x129, 
257x257 and 513x513, the error generally stays controlled and often decreases slightly. At the same 
time, because the boundary conditions are enforced as penalties (soft constraints), small boundary 
mismatches can persist. For elliptic problems like Poisson, boundary errors influence the entire domain, 
so even small boundary inconsistencies can prevent the method from reaching the lowest possible error. 
3.1.2 Hard BC constraint for Poisson equation solver on cut-shaped domain. Table 1b repeats the same 
train and test mesh comparisons for hard boundary enforcement through boundary-adjacent correction. 
The pattern is consistent, with hard constraints yielding lower MSE and MAE across all listed train and 
test pairs relative to the soft constraint results. The improvement is already visible at coarse training. 
For example, training on 65x65 and testing on 129x129 reduces the MSE and MAE from 1.40e-6 and 
6.96e-4 (soft), to 1.15e-6 and 6.52e-4 (hard), respectively. This shows that even when the solution is 
learned from a relatively coarse mesh, stronger boundary enforcement prevents the network from 
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drifting near the walls. The largest gains appear at the highest resolution transfer. This is a meaningful 
reduction and supports the conclusion that strong enforcement of boundary conditions is essential for 
PDEs in which the solution is predominately boundary-driven. 
 

Table 1. Effect of boundary constraints for Poisson BVP, a) soft constraints, b) hard constraints. 
Training 

mesh Test mesh MSE MAE 

65x65 129 x129 1.40e-6 6.96e-4 
65x65 257x257 1.32e-6 6.81e-4 
65x65 513x513 1.29e-6 6.73e-4 

129x129 257x257 7.79e-7 5.19e-4 
129x129 513x513 7.58e-7 5.13e-4 
257x257 513x513 5.97e-7 4.55e-4 

 

Training 
mesh Test mesh MSE MAE 

65x65 129 x129 1.15e-6 6.52e-4 
65x65 257x257 1.09e-6 6.40e-4 
65x65 513x513 1.06e-6 6.33e-4 

129x129 257x257 0.74e-6 5.01e-4 
129x129 513x513 0.72e-6 4.96e-4 
257x257 513x513 0.53e-6 4.22e-4 

 

 (a)          (b) 
 

To further compare the soft and hard BC approaches, absolute errors between the exact and predicted 
solutions are plotted in figure 3, along the vertical line x = 0.95. In all cases, the hard BC constraint 
yields a more accurate solution, the difference being most noticeable where the boundary effects are 
strongest. Overall, figure 3 shows that while both methods are effective, the hard BC approach gives a 
more accurate solution and better error control for the Poisson equation. 

 �����[�������:���������[������ �����[�������:���������[������ 

 
  

    
 

  

 �������[���������:���������[������ �������[���������:���������[������ 

 
 

 

  
 y y 

Figure 3 Absolute error plots along x = 0.95, for comparison of soft and hard implementation of 
boundary conditions (Poisson equation on a cut-domain). 

3.2 Convection-diffusion equation 
Ge and Zhang [5] investigated the effect of Reynolds number on the convection-diffusion equation (1), 
taken in non-dimensional form with �Á= Re�?�5. The convective velocity is chosen to be �Q(�T,�U) = �T(�T 
F
1)(1 
F2�U), �R(�T, �U) = 
F�U(�U 
F1)(1 
F2�T) and the source term is given by �5(�T,�U) = 
F(�Q+
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1)�>�ñ(�T){1 
F �>(�U)} 
F(�R+ 1 )�>�"(�U){1 
F �>(�T)}, where �>(�æ) = {exp(
F�æ�4�A) 
Fexp (
F�4�A)}/ {1 
F
exp(
F�4�A)}. The exact solution for this problem is �Î (�T, �U) = [1 
F �>(�T)][1 
F �>(�U)] , satisfying 
boundary conditions �Î (0,�U) = 0,   �Î (1,�U) = 1 
F �>(�U),    �Î (�T, 0) = 0,   �Î (�T, 1) = 1 
F �>(�T). 

3.2.1 Soft boundary constraint for 2D convection-diffusion equation solver. For all Re in table 2, the test 
mesh is 513x513. Table 2a shows that, as Re increases and the PDE becomes more convection-
dominated, the learning problem is more challenging. For Re = 1.0, the errors are relatively stable, with 
MSE of the order of 1.0e-5 and MAE around 2.5e-3. For Re = 10, errors increase and become more 
sensitive to the mesh pairing. This indicates that, at this Re, near-boundary behaviour is starting to 
dominate performance, and soft enforcement struggles to reproduce consistent boundary-layer structure 
when transferring between resolutions. For Re = 100, the error increases dramatically. This large jump 
is typical of strongly convection-dominated regimes, where thin layers form and small near-boundary 
inaccuracies create large global errors. In fact, close analysis of the exact solution indicates very high 
gradients near the boundaries �T = 0 and �U = 0, where the solution increases from a value of 0 on the 
boundary to a maximum value of 1 within a very thin boundary layer. 
3.2.2 Hard boundary constraint for 2D convection-diffusion equation solver. The data in table 2b show 
that hard constraints generally improve performance for moderate convection influence. However, there 
are also cases where hard constraints do not clearly outperform soft constraints, such as training on 257 
and testing on 513 at Re = 10, where the hard result is only comparable to or slightly worse than the soft 
result. This suggests that for this particular pairing the bottleneck is not purely boundary enforcement. 
Optimization stability and representation of steep gradients likely become the limiting factors. For Re = 
1, hard constraints provide significant gains in transfers shown in table 2b. This indicates that even in 
smoother regimes, enforcing boundary consistency can significantly improve cross-resolution transfer. 
For Re = 100, hard constraint errors remain high, supporting a clear and honest assessment that, when 
the problem is strongly convection-dominated, boundary hardening alone is not enough, and additional 
stabilization is needed, such as stronger near-layer sampling, more robust discretization-consistent 
training, or regime-specific tuning. 

Table 2. Effect of boundary constraints for convection-diffusion BVP, a) soft, b) hard. 
Re Training mesh MSE MAE 
1 65x65 1.02e-5  2.57e-3 
1 129 x129 0.92e-5  2.43e-3 
1 257x257 1.18e-5 2.70e-3 
10 65x65 1.90e-5 2.74e-3 
10 129 x129 4.28e-5 3.90e-3 
10 257x257 4.94e-5 3.52e-3 
100 257x257 134.0e-5 14.3e-3 

 

Re Training mesh MSE MAE 
1 65x65 0.72e-5 2.04e-3 
1 129x129 0.16e-5 0.95e-3 
1 257x257 0.84e-5 2.64e-3 
10 65x65 0.69e-5 1.39e-3 
10 129x129 0.41e-5 1.26e-3 
10 257x257 5.03e-5   3.62e-3 
100 257x257 225.8e-5 16.95e-3 

 

(a)        (b) 
 

Figure 4 compares absolute errors between the exact solution and those predicted by the soft BC and 
hard BC approaches, along a vertical section near x = 0.95 for Re equal to 1 and 10. For these values of 
Re, this figure shows that both boundary constraint methods produce relatively small errors throughout 
most of the domain, confirming that both can approximate the exact solution well. However, the soft 
BC results show larger oscillations and higher error peaks, especially near the boundary regions. In 
contrast, the hard BC curves are smoother and remain lower, indicating better boundary enforcement 
and improved stability. Overall, these figures demonstrate that both approaches are capable of capturing 
the solution behaviour, but the hard BC method consistently provides higher accuracy and better 
stability, particularly near the boundaries. 
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 Re = 1 Re = 10 

 

 
                                 y 

 
                                   y 

Figure 4 Absolute error plots along x=0.95 for Re equal to 1 and 10 for soft and hard BC constraints for the 
convection-diffusion equation 

 

4. Conclusions 
In this work, the effect that boundary condition enforcement has on the performance of learning-based 
PDE solvers has been investigated, focusing on Poisson and 2D convection–diffusion BVPs. It is 
observed that soft boundary condition enforcement, which is commonly used in neural network 
approaches, can lead to mismatches at the boundaries. These errors may seem minor, but it is shown that 
they can influence the entire solution and reduce overall accuracy. To address this issue, a hard boundary 
condition approach has been introduced, where the boundary values are strictly enforced during training 
using a finite difference-based correction at boundary-adjacent nodes. This allows the model to maintain 
consistency with the governing equations while improving the solution near the boundaries. 

The results show that the hard boundary condition approach consistently improves accuracy for Poisson 
problems across different mesh resolutions. For the convection–diffusion equation, the method performs 
well in moderate convective flow regimes (Re = 1 and 10), where boundary effects are important. 
However, in strongly convection-dominated cases (Re = 100), the errors remain high even with hard 
boundary enforcement, indicating that the main difficulty comes from failure to capture sharp boundary-
layer gradients and interior physics rather than just boundary conditions. 

Overall, the study shows that enforcing boundary conditions explicitly can improve stability and 
accuracy in learning-based PDE solvers. At the same time, it also highlights that additional techniques 
are needed for more challenging regimes. Future work can explore combining this approach with 
stabilization methods, better sampling strategies near boundary layers, and improved model 
architectures. 
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Abstract.

Transformers have demonstrated signi�cant advancements in mesh generation. However, their
quadratically increasing memory and computational requirements signi�cantly limit their ap-
plicability to CFD simulations with millions of mesh elements. To reduce the number of to-
kens to be generated per mesh, we present two methods on different levels. First, we generate
coarse quadrilateral block structures suitable for re�nement via trans�nite interpolation to pro-
duce high-quality CFD meshes, thereby reducing the number of mesh faces. Second, we propose
an adjacency-preserving tokenization strategy that chains consecutive faces sharing edges, im-
proving convergence and prediction quality compared to conventional lexicographic ordering.
Building upon this, we introduce sparse row-structured tokenization that eliminates redundant
vertex tokens through shared edges, reducing sequence length by� 40% and GPU memory by
� 50%. We demonstrate effective training on consumer-grade GPUs, producing block structures
suitable for turbomachinery CFD applications.

1. Introduction

The generation of meshes that are suitable for CFD simulations typically involves millions of elements,
a task that is particularly challenging for Transformer-based architectures. This issue is addressed in two
distinct levels. Initially, the number of faces per mesh is reduced. Subsequently, the number of tokens
required to represent a mesh for the Transformer is decreased.

The number of faces needed to generate by the Transformer autoregressively is reduced by generating
coarse block structures using a quadrilateral domain partition algorithm that divides the geometry into
large quadrilateral regions. Data augmentation is employed to generate coarse blocks that are structured
based on these quadrilateral subregions. These block structures can be re�ned to high resolution through
trans�nite interpolation in a post processing step.

Conventional tokenization approaches to autoregressive mesh generation, as introduced by Nash et al.
[6], employ lexicographic ordering where vertices are sorted in yzx order (yx in 2D) within each face, and
faces are arranged by their �rst vertex [3]. This produces a layer-by-layer arrangement for uniform grids
where adjacent faces sharing edges are consecutive in the token sequence. However, for meshes around
objects like turbomachinery blades and coarse block structures with varying element sizes, lexicographic
ordering breaks down: consecutive faces in the token sequence are often not adjacent faces within the
mesh, creating discontinuities in the token representation and increasing prediction dif�culty. The blade
cut-out ampli�es this effect, introducing frequent jumps even for simple geometries.

1
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In order to ensure that adjacent faces appear as consecutive tokens in the sorted sequence, a half-edge
data structure [2] is employed to traverse faces by edge connectivity. This eliminates the need for du-
plication of vertex tokens, as vertices shared between consecutive faces are tokenized only once instead
of once per face, thereby reducing computational overhead. Discontinuities are reduced compared to the
lexicographic sorting and only appear between rows of chained faces.

2. Data

The dataset under consideration incorporates2000generated turbine blades, with a random scaling factor
varying from0:50 to 0:95and random rotation within the interval[� �= 4; �= 4] applied to each individu-
ally. Each pro�le is decomposed into a set of streamlines via a domain partition algorithm [7, 5], dividing
the geometry into quadrilateral regions. The process consists of: (1) computing boundary crosses from
local normal and tangent vectors, (2) mapping to representative vectors, (3) propagating the frame �eld to
interior nodes, (4) detecting singularities using the Poincaré index, and (5) generating streamlines from
singularities by following the cross �eld direction. Since con�gurations with4 or more singularities
already yield partitions with a large number of quadrilateral elements and signi�cant size variation, the
dataset was restricted to meshes containing exactly 2 singularities, producing a base block structure of 6
faces, as shown in Figure 1.

As illustrated in Figure 1, augmentation is performed by subdividing each edge once (4 blocks, center)
and twice (9 blocks, right).

Figure 1. Streamlines (left), 1x subdivision — 4 blocks (center), 2x subdivision — 9 blocks (right).

3. Tokenization

Tokenization is de�ned as the process of converting raw data into a set of discrete vectors, thereby
transforming the data into a format suitable for transformer-based architectures. As Transformers learn
statistical patterns from training data, a consistent ordering of mesh elements that yields the same to-
ken sequence and clear patterns for each mesh is essential for autoregressive generation. In the initial
tokenization stage, equation (1) is employed to transform the coordinates into a discrete set of integers,
within the range of[0; n{1] . The parametern represents the total number of integers and, consequently,
the number of discretized coordinates. Largern yields �ner resolution but increases model capacity
requirements. The lower bound is imposed by the shortest edge length in the dataset.

In the subsequent step, a unique vector is assigned to each integer. In addition, the application of special
vectors are required. This includes the implementation of vectors for Start-Of-Sequence (SOS), End-
Of-Sequence (EOS), End-of-Row (EOR), and Padding (PAD ) to mark the sequence boundaries and

2

AIFLUIDs 2026  •  S01 Machine Learning 30



(a) Lexicographic ordering (b) Adjacency-preserving ordering

Figure 2. Comparison of lexicographic (left) and adjacency-preserving (right) ordering. Face order is color-coded
from low (blue) to high (red), plotted at the center of each face. Repeated tokens are marked with squares, �rst
occurrences with circles.

padding.

Cdiscretized= round
�

x i � xmin

xmax � xmin
� (n � 1)

�
(1)

3.1 Lexicographic Ordering

Nash et al. [6] introduced lexicographic ordering where vertices are sorted in yx order and faces are
arranged by their �rst vertex. For uniform grids, this produces a layer-by-layer arrangement where
adjacent faces appear consecutively in the token sequence. However, for meshes around objects like
turbomachinery blades and coarse block structures with varying element sizes, consecutive faces in the
token sequence are often not adjacent, creating discontinuities as shown in Figure 2a and 3.

Figure 3. The vertex sequence displayed is generated by lexicographic ordering method applied to the �rst twelve
faces of Figure 2a). The index and superscript are used to denote order and face number in the sequence, respec-
tively. The initial occurring tokens are indicated by the use of circles. Repeated tokens, represented by squares, do
not possess a clearly de�ned position within the sequence.

3
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Figure 4. The vertex sequence displayed is generated by adjacency-preserving face ordering method applied to
the �rst two rows from �gure 2b. The exit edge of facei becomes the entrance edge of facei + 1 in reversed
direction. Redundant tokens, highlighted by the gray dotted box, possess a distinct position and can be eliminated.
End-of-row tokens are represented by stars.

3.2 Adjacency-Preserving Ordering

The proposed method preserves adjacency through a half-edge-based traversal strategy [2] that chains
consecutive faces sharing an edge. Starting from the lexicographically �rst face, faces are traversed
in ascending x-direction until no adjacent face in this direction exists. The next row starts with the
lexicographically �rst unvisited face.

To ensure the desired adjacency pattern, displayed in Figure 2b and 4, where the last two vertices of
facei equal the �rst two vertices of facei + 1 in reversed order, all rows progress left-to-right: rows
progressing right-to-left are reversed. Vertices within a face are ordered clockwise starting from the
bottom-left corner. The exit edge of facei (verticesvi

3 ! vi
4) thereby becomes the entrance edge of face

i + 1 (verticesvi +1
1 ! vi +1

2 ) in reversed direction, enabling a sparse row-structured representation.

3.3 Sparse Row-Structured Tokenization

The application of adjacent-preserving face order, in combination with vertex sorting as previously de-
scribed, allows for the ef�cient use of sparse row-structured tokenization. The utilization of all four
vertices is only necessary at the initial face in a row, due to the presence of repetitive redundant tokens.
Subsequent faces in a row do not require the generation of the �rst two vertices. Consequently, only the
remaining two are considered, in contrast to the conventional approach which utilizes all four vertices
for each face. Consequently, the implementation of an end-of-row (EOR) token is essential to denote
the end of each row. This strategy reduces the sequence length by40%in the employed dataset, from a
maximum of448to 272tokens, and decreased GPU memory usage by50%.

4. Architecture

The Transformer architecture [9] employed for quadrilateral mesh generation consists of a stack ofn
stages, where each stage comprisesm masked self-attention layers followed by a single cross-attention
layer. Token representations are processed through the self-attention layers with causal masking to en-
force autoregressive generation, while conditioning information from geometric context encoders is in-
jected via cross-attention after each stage. Geometric context is provided by cross-attention using two
parallel encoders /refmeshtron: A Point Perceiver encoder [4] and a Face Count encoder based on sinu-
soidal encoding. The Point-Perceiver encoder processes the input point cloud, which is generated by a
Delaunay triangulation, into a �xed set of latent embeddings capturing global geometry. The Face-Count
encoder maps the desired number of faces to a learned embedding using sinusoidal encoding, providing
explicit control over mesh density. These conditional embeddings are concatenated and supplied as key
and value inputs to the cross-attention mechanism, ensuring that geometric guidance is available at every
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layer. Rotary Positional Embeddings (RoPE) [8] are employed throughout the architecture, encoding
relative position information directly into the attention computation. RoPE supports extrapolation to
sequence lengths beyond those seen during training, which is essential when generating meshes with
varying face counts.

5. Results

The three tokenization strategies were evaluated using a three-stage Optuna optimization pipeline [1]
based on bits-per-token (equation 2) on validation data. Two independent optimization runs were con-
ducted, with parameter ranges re�ned between runs. Each stage builds upon the best con�guration from
the previous stage:

• Stage A (Architecture): Model dimensiondmodel , number of attention heads, number of stages
(2 to 5), layers per stage (2, 4, 6), and latent embeddings (4, 8, 16, 32, 64).

• Stage B (Hyperparameters):Learning rate (log-scale), warmup steps, dropout, and weight decay.

• Stage C (Training Dynamics):Batch size, gradient accumulation steps.

Optuna's MedianPruner with Tree-structured Parzen Estimator (TPE) sampling [1] was used to prune
unpromising trials. In stage A, 50 trials were completed for each method, while 30 trials were completed
in stages B and C. Final model evaluation was performed by training the optimized con�gurations with
three independent random seeds across two independent optimization runs to ensure reproducibility.

5.1 Evaluation Metrics

The primary metric for model comparison is bits-per-token (BPT ), de�ned as:

BPT = �
1
N

NX

i =1

log2 p(x i ) (2)

whereN is the sequence length andp(x i ) is the predicted probability of tokenx i . BPT quanti�es
the mean information content per predicted token. Lower values correspond to higher compression and
prediction quality.

The vocabulary consists of 256 discrete coordinate tokens, in addition to three special tokens used for
the Lexicographic and Adjacency-Preserving (SOS, EOS, and PAD ) methods. The Sparse Row-
Structured method employs the same three unique tokens and additional one EOR token. To evaluate the
holistic ef�ciency, the bits-per-mesh (BPM ) are computed by multiplying theBPT with the number of
tokens per mesh, combining prediction quality with sequence length.

5.2 Bits-per-Mesh Analysis

Table 1. Final comparison of the three tokenization strategies.

Strategy BPT Tokens GPU Memory BPM Accuracy
Lexicographic 0:388� 0:038 448 � 15866 MiB 173.8 76:4%
Adjacency-preserving 0:340 � 0:009 448 � 15866 MiB 152.3 79.0%
Sparse Row-Structured 0:551� 0:012 272 � 8379 MiB 149.9 68:3%
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Table 1 reveals an important distinction between the two evaluation metrics. While Adjacency-preserving
achieves the lowest per-token loss (0:340BPT , 79:0% accuracy), Sparse Row-Structured achieves the
highestBPT (0:551, 68:3% accuracy) yet the lowest bits-per-mesh (149:9) due to its39:2% shorter se-
quence length. Lexicographic (0:388BPT , 76:4% accuracy) occupies the middle ground. This demon-
strates that the row-compressed tokenization compensates for its higher per-token prediction dif�culty
through reduced sequence length - an effect that becomes increasingly signi�cant as mesh complexity
grows. The GPU memory requirements represent peak inference memory for the 54-face base meshes,
with Sparse Row-Structured achieving52:8% reduction (� 8379 MiB vs� 15866 MiB) compared to the
other strategies.

The adjacency-preserving strategy demonstrates superiority over lexicographic sorting in several re-
spects. The structural coherence ensures that adjacent faces remain adjacent in the token sequence,
thereby accelerating convergence and consistently achieving better local minima. Additionally, the
adjacency-preserving strategy exhibits reduced variance across multiple trainings, suggesting more sta-
ble optimization dynamics.

The row-compressed tokenization strategy, which builds upon the adjacency-preserving approach, demon-
strates acceptable performance with signi�cant memory reduction. By eliminating redundant vertex to-
kens in consecutive faces, it achieves a� 40% shorter sequence length while maintaining prediction
quality through the reduced sequence length.
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Abstract
While Computational Fluid Dynamics (CFD) provides high-�delity �ow �elds for optimizing indoor environments,
its computational cost limits rapid exploration. To solve this problem generative surrogates offer better distribution
modeling than deterministic networks, but iterative sampling is slow. To enable high-quality, single-pass genera-
tion, we adapt the novel generative drifting framework to �uid mechanics. We introduce a conditional architecture
that performs drifting in a learned VAE latent space and uses label-aware masking to align generated samples with
their boundary conditions. Our label-conditioned model matches iterative diffusion in accuracy and �ow consis-
tency while running two orders of magnitude faster. Additionally, we propose a spatial-conditioning variant that
establishes a promising path towards generalization to unseen geometries. Ultimately, conditional drifting serves
as a highly ef�cient alternative to diffusion based approaches, unlocking real-time CFD surrogates where inference
speed is critical.
Keywords: drifting models; generative surrogate modeling; indoor �ow prediction; data-driven �uid dynamics

1. Introduction
Indoor air quality (IAQ) is critical for human health, since humans typically spend most of their time
in indoor environments [1]. Ventilation (e.g. window ventilation or mechanical ventilation) effectively
decreases the concentration of all indoor contaminants. Designing them ef�ciently requires an accurate
understanding of complex indoor air�ow patterns, which are highly sensitive to room geometry, inlet
locations, and �ow velocities [2, 3].

While Computational Fluid Dynamics (CFD) provides the high-�delity �ow �elds necessary to op-
timize such environments [4], its notable computational cost precludes rapid design exploration and
real-time ventilation control [5, 6]. This creates a need for data-driven surrogate models capable of
delivering reliable predictions with reduced computational demands [7].

While deterministic architectures like Fourier Neural Operators (FNOs) [8] and coordinate-based
networks [9] offer rapid inference, capturing environments with complex multimodal �ow distributions
remains challenging. Generative approaches, such as diffusion models, successfully capture this physical
complexity. However, their iterative nature makes inference computationally heavy [10].

In this work, we explore the potential of adapting novel generative modeling via drifting [11] to
the domain of �uid mechanics. Originally designed to evolve pushforward distributions during train-
ing to enable high-quality, one-step generation without iterative inference, we demonstrate an adapted
conditional drifting architecture on 2D indoor �ow modeling as a foundational proof-of-concept. Our
main contributions are as follows:(1) We prove that conditional drifting models can accurately and
ef�ciently generate �ow �elds in a single step.(2) We introduce essential modi�cations for physical
conditioning, namely latent-space drifting via a learned Variational Autoencoder (VAE) and label-aware
positive masking to enforce boundary conditions.(3) We develop a spatial encoding variant to explore
generalization across unseen room geometries.

2. Related Work
Data-Driven Surrogates for Flow Prediction.Deep learning architectures, including convolutional neu-
ral networks (e.g., U-Nets) and FNOs [9, 12], are increasingly used as surrogates of traditional CFD
solvers [8, 9]. While deterministic surrogates can offer dramatic inference speedups and establish strong
global �ow priors, they are mostly designed to minimize standard regression losses like Mean Squared
Error. Consequently, such surrogates tend to predict a smoothed expectation of the �ow. This can
fail to capture the complex, high-frequency, and multimodal distributions characteristic of indoor envi-
ronments, where minor variations in boundary conditions or obstacles dictate drastically different, yet
equally valid, �ow regimes [2].
Generative Modeling for Physical Dynamics.To address this smoothing and enable uncertainty-aware
predictions, generative architectures have gained traction. Diffusion model based approaches have been

y Equal contribution,z Equal senior contribution
*Corresponding Author, Adam T. M̈uller, adam-theo.mueller@hs-heilbronn.de
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established as surrogates for aerodynamic simulations, successfully capturing complex, physically plau-
sible �ows [10]. Advanced autoregressive variants extend these capabilities to temporal predictions [13].
However, diffusion relies on an iterative denoising process. The resulting hundreds of neural function
evaluations (NFE) render generation computationally heavy, contradicting the goal of rapid surrogate
modeling. Flow matching approaches reduce this burden by learning continuous-time conditional �ows,
requiring fewer sampling steps while extending to unstructured geometries [14, 15]. Nevertheless, �ow
matching still relies on numerically integrating an ordinary differential equation during inference [16].
To bypass such iterative sampling, we build upon the recently introduced framework of generative mod-
eling via drifting [11]. Originally designed for image generation and grounded in optimal transport [17],
drifting evolves pushforward distributions during training. By enabling high-quality, one-step generation
(NFE = 1 ), it provides a promising foundation for rapid �uid surrogates.

3. Method

3.1. Fundamentals of Drifting Models.
A drifting model [11] is a single-pass networkf : RC ! RD that maps a prior sample� � p� to
an outputx = f (� ), inducing a pushforward distributionq = f # p� that is trained to match the data
distributionp. Rather than learning an iterative noise-to-data trajectory as in diffusion or �ow matching,
drifting models evolveq at training time through a drifting �eldVp;q(x) that prescribes, at each iteration,
the direction in which a generated sample should move so thatq approaches the data distributionp. The
�eld is constructed to satisfyVp;q(x) = 0 wheneverq = p, so equilibrium coincides with distribution
matching. Training thus reduces to a �xed-point updatef � i +1 (� )  f � i (� ) + Vp;q� i

(f � i (� )) , realised as
the stop-gradient loss:

L = E�
� 

 f � (� ) � stopgrad

�
f � (� ) + Vp;q� (f � (� ))

� 


 2�

: (1)

In practiceVp;q is instantiated as a kernel-based attraction–repulsion �eld driven by positive samples
drawn from the data and negative samples fromq, with the negative samples maintained in a mem-
ory bank to amortise their cost across iterations. Asf � is a single-pass network, inference is one-step
(NFE=1 ), in contrast to the multi-step solvers required by diffusion and �ow-based baselines.

3.2. Adjustments for Surrogate Modelling
We adapt the original drifting model along three axes that re�ect the different demands of CFD surrogate
modelling compared to natural-image generation: the operating space, the conditioning interface, and
the construction of the drifting �eld.
Latent-space drifting via a learned VAE.Unlike the original work using an ImageNet-pretrained MAE,
we trained a convolutional VAE on our simulation data to ensure a domain-speci�c feature extractor.
The VAE maps64� 64 velocity �elds to a4 � 4 � 16 latent representationz = E(u) with encoderE .
By performing drifting within this compact, semantically organized latent space and reconstructing via
the decoderD , we maintain structural integrity while avoiding suboptimal pre-trained features.
Conditioning.Whereas the original generator is conditioned on a single class label, each of our samples
carries a condition comprising the inlet position, the outlet position, the room geometry, and a scalar
inlet velocity magnitudevin 2 R. We investigate two encoder variants that differ in how the geometric
information is presented to the network:

• Label-based.Thelabel-basedvariant treats inlet and outlet as discrete identi�ers(inlet id; outlet id)
2 N, drawn from a �xed catalogue of room con�gurations and embeds each through a learned
embedding table. The room geometry is implicit in the identi�er. The label-based variant is restricted
to the con�gurations enumerated in its embedding table.

• Spatial. The spatial variant replaces these identi�ers with a three-channel binary mask M with
3 � H � W that explicitly encodes the inlet, outlet, and obstacle locations on the simulation grid,
and processes it through a small convolutional encoder that produces a �xed-dimensional vector. The
spatial variant is more �exible than the label-based variant and can theoretically generalise better to
arbitrary room layouts, including geometries unseen during training.

In both casesvin is embedded by a small Multilayer Perceptron (MLP) and summed with the geometry
embedding, where the resulting conditioning vectorc drives the adapted Diffusion Transformer (DiT)
backbone [18].
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Label-aware positive masking.To adapt the kernelized drifting formulation [11] to our data-sparse
setting, we introduced a binary compatibility mask. Unlike the original work [11], which assumes large
pools of ground-truth samples per class and processes them in uniform batches, our approach allows
mixed conditions within a batch. We gate the attraction kernel by matching(inlet; outlet; geometry)
triples, ensuring generated samples only drift toward compatible positives. While the global repulsion
term remains unchanged, this masking prevents the attraction term from averaging across incompatible
�ow regimes, which would otherwise force samples toward a condition-agnostic mean.

3.3. Latent Diffusion Baseline.

We adopted a Latent Diffusion Model baseline [19] inspired by Liu and Thuerey's state-of-the-art work
in RANS-based surrogates [20]. Operating in the same4� 4 latent space as our drifting model, we used
a lightweight DiT with a 1,000-step cosine schedule. To adapt the model for physical surrogates, we in-
tegrated heterogeneous boundary conditions and in�ow parameters via cross-attention layers. Inference
utilized DDIM sampling.

4. Experiments

4.1. Experimental Setup

Training data comprised 2,025 two-dimensional CFD simulations using a steady-state solver executed
in Simcenter STAR-CCM+ using a RANS k-� turbulence model for incompressible air �ow. The com-
putational domain consisted of a square room measuring 1.5 m × 1.5 m. In each simulation, one 0.1
m wide inlet and one 0.1 m wide outlet were active, located on opposite walls. We evaluated three
distinct geometric con�gurations: an empty room without obstacles, and two con�gurations containing
an obstacle with a diameter of 0.25 m. This obstacle was positioned either squarely in the center of the
domain or offset laterally.

For each geometry, we systematically swept 15 inlet positions, 15 outlet positions, and three con-
stant inlet velocities (0.1, 0.2, and 0.3 m/s), resulting in 675 simulations per con�guration. The outlet
was de�ned as an atmospheric pressure outlet. The domain was discretized using a polyhedral mesh,
with near-wall prism layers applied around the obstacle, while all walls were treated as no-slip wall
boundaries. Achieving convergence typically required 750-800 seconds of CPU time per simulation.
Following convergence to a steady state, the �nal �ow �elds were averaged over the last 100 iterations
to mitigate residual numerical �uctuations. Finally, these high-�delity velocity vectors were interpo-
lated onto a 64×64 uniform grid, with a randomly sampled 10% of the complete dataset reserved as the
held-out test set.

4.2. Metrics

We evaluate the predicted velocity �eld̂u = ( û; v̂) against the ground truthu = ( u; v) along two axes:
�eld accuracy and �ow-structure consistency. All metrics are computed per sample and reported as mean
� standard deviation over the test set.
Field accuracy. Following established relative-RMSE metrics in CFD-surrogate evaluation [21], we
report the range-normalised RMSE (nRMSE), in which the per-sample RMSE is normalised by the
target �eld's range. As a scale-free complement we report the coef�cient of determination (R2), a
standard measure of explained variance in indoor-air�ow surrogates [22, 23]. To capture directional
agreement independently of magnitude, we additionally report the cosine similarity between predicted
and target vector �elds over locations with non-negligible target velocity, which is sensitive to directional
disagreement that nRMSE penalises only indirectly [23].
Flow-structure consistency.To probe whether predictions preserve the structural properties of the refer-
ence �elds, we report two differential diagnostics. We monitor the vorticity as structural quantity relative
to the ground truth [12, 24], to detect over- or under-smoothing of rotational structure. As a complemen-
tary diagnostic we monitor the divergence relative to the ground truth; while divergence is often used as
a structural constraint in physics-informed learning [25], we employ it as a passive diagnostic against
the target divergence. For both quantities we report the gap between predicted and target magnitudes
and the predicted-to-target ratio as a measure of relative structural �delity.
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4.3. Results
4.3.1. Quantitative

Table 1 reports the �eld-accuracy and �ow-structure metrics for the diffusion baseline (chapter 3.3)
and the two drifting variants on the held-out test set. The diffusion baseline is the strongest model
overall, the label-based drifting variant trails it by a small margin, and the spatial drifting variant comes
in third with signi�cantly higher variance.

Table 1 Quantitative comparison between the diffusion baseline and our drifting model with label-based and
spatial conditioning. The metrics were calculated on obstacle-free test data in pixel space.

Category Metric Diffusion (baseline) Drifting (label) Drifting (spatial)

Field
accuracy

nRMSE (range)# 0:0592 � 0:0204 0:0684� 0:0209 0:1076� 0:0453
R2 " 0:8476 � 0:1228 0:8019� 0:1152 0:4251� 0:4783
Cos. sim." 0:8108 � 0:0576 0:7772� 0:0661 0:7846� 0:1122

Flow-struct.
consistency

Div. gap (pred vs. target)# 0:4503� 0:0849 0:4224 � 0:0842 0:4680� 0:3316
Relative divergence# 8:0713� 2:1104 7:5579 � 1:6388 8:2887� 5:4017
Vort. gap (pred vs. target)# 0:2895� 0:1290 0:2634 � 0:1312 0:5519� 0:4618
Relative vorticity# 1:1635� 0:0820 1:1449 � 0:0861 1:3127� 0:2789

Field accuracy.The gap between diffusion and label-based drifting is moderate, supporting our central
claim that a single-pass drifting generator can reach competitive accuracy. The spatial variant sacri�ces
a substantial amount of pixel �delity, particularly on the nRMSE of0:108 versus0:059 for the label
variant. Cosine similarity shows a smaller gap, indicating that all three models recover the dominant
�ow direction even where their magnitudes disagree.
Flow-structure consistency.The label-based drifting model is competitive with the diffusion baseline. It
has a smaller divergence gap (0:422vs. 0:450) and a closer relative-vorticity ratio (1:14 vs. 1:16). The
spatial variant again lags, with a vorticity gap that roughly doubles (0:552) and a relative vorticity ratio
of 1:31, indicating systematic over-prediction of rotational structure. The increased standard deviations
in the spatial column further suggest that the failure mode is concentrated on a subset of geometries
rather than spread uniformly across the test set.

Although the label-based drifting model yields stronger quantitative results in our experiments, its
reliance on enumerated training con�gurations limits its �exibility. We view the spatial encoding as
the long-term interface for this class of surrogate, as it fundamentally generalizes to unseen room ge-
ometries. We attribute the current performance gap to the foundational nature of this implementation,
anticipating that future hyperparameter tuning and encoder re�nements will naturally improve accuracy.
Inference speed.We measured per-sample inference latency on a single NVIDIA A100, timing the full
inference pipeline with CUDA events. Under this protocol, the drifting model is two orders of magnitude
faster than the diffusion baseline (table 2). The low standard deviations con�rm that both distributions
are tight and outlier-free. The current gap re�ects a comparison in a less optimised regime. However,
the structural advantages of single-pass inference are clearly visible.

Table 2 Per-sample inference latency on a single NVIDIA A100-SXM4 (80 GB) GPU at batch size 1, over1000
runs after50warmup iterations.

Model Conditioning NFE Latency (ms)

Diffusion label-based 1000 1870:2 � 77:1
Drifting label-based 1 6.74� 0.36

4.3.2. Qualitative

In the empty-room scenario (�gure 1), both the diffusion baseline and label-based drifting model suc-
cessfully recover the primary �ow topology, including the dominant jet and corner recirculation zones.
Although being a single-pass generator, the drifting model (row 1) achieves high structural �delity.
While diffusion (row 2) shows slightly lower peak errors within the jet, the drifting model's error dis-
tribution is comparably low across most of the domain. This con�rms that drifting can match iterative
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Figure 1 Comparison of predicted velocity �elds for the empty-room con�guration. (a) is the ground-truth �ow
�eld from CFD, (b) the predicted velocity vector �elds for (1) label-based drifting model and (2) diffusion baseline,
respectively. (c) illustrates the absolute velocity magnitude error compared to the CFD ground truth. Both models
were conditioned on an inlet velocity of 0.20 m/s with identical inlet (blue) and outlet (yellow) positions.

Figure 2 Comparison of two pairs of velocity �elds generated by the drifting model with spatial conditioning.
Within each pair, the ground-truth simulation is on the left and the model prediction is on the right. Both cases
utilize �xed inlet (7) and outlet (8) positions. The left pair features a left-offset obstacle with inlet velocity of 0.3
m/s, while the right pair features a centered obstacle with inlet velocity 0.1 m/s.

diffusion performance with lower computational cost while preserving essential physics. Both models
exhibit peak errors at jet boundaries, likely due to spatial compression within the VAE architecture.

Figure 2 illustrates the spatial-conditioning variant's performance with obstacles. While trailing the
label-based approach (see table 1), the spatial encoded model captures essential topology, including the
primary jet trajectory, �ow splitting, and boundary separation around the cylinder. It also reasonably
approximates wake and corner recirculation locations. The primary discrepancy is in velocity scaling,
where the model produces localized over-predicted speed and rotational structures. These errors directly
align with the elevated relative vorticity metrics observed in the quantitative analysis.

5. Limitations

Our evaluations focus on 2D steady-state �ows on �xed grids to isolate generative fundamentals. How-
ever, the dataset's sparsity limits the kernel-based drifting �eld's potential. Extending to transient 3D
�ows and multi-state datasets will better leverage the model's distribution-matching and NFE=1 ef�-
ciency. Performance is currently limited by the VAE's 16× spatial compression; closing the gap to
diffusion requires optimizing latent resolution and patch size. Additionally, the spatial conditioning
variant's lag likely stems from lossy geometry mask compression, suggesting a need for richer inter-
faces like cross-attention. Finally, drifting's two-order-of-magnitude speed advantage is an inherent
structural property, providing predictable, high-speed inference without the quality-speed trade-offs of
distilled diffusion. Future benchmarks should include tuned models and direct-regression surrogates to
further validate drifting's utility in steady-state environments.
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6. Conclusion
By adapting a drifting model to 2D steady-state CFD, we achieved performance closely matching a 1000-
step diffusion baseline. Although running two orders of magnitude faster, the label-conditioned drifting
variant produced an normalised RMSE of0:068 compared to the baseline's0:059. While diffusion
remains more accurate, the narrow gap makes single-step drifting a viable surrogate for cost-constrained
applications. Our methodological contributions, latent-space drifting, spatial-scalar conditioning, and
label-aware attraction masks, provide a reusable framework for scienti�c computing surrogates. Future
work will target the spatial-conditioning gap and extend the model to transient 3D regimes to solidify
drifting as a competitive generative surrogate.
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