2nd International Symposium on Al and Fluid Mechanics
AIFLUIDs 2026 « Chania, Crete ¢ 31 August — 3 September 2026

Session 1

Machine Learning

S1-Al

S1-A2

S1-A4

S1-A5

S1-A6

S1-A9

S1-A10

S1-Al4

S1-Al16
S1-Al17

S1-A18
S1-P3

S1-P7

S1-P8
S1-P11

S1-P12

S1-P13

S1-P15

Jiacheng Sheng — A Neural Network-Based Method for Bird Strike Risk Assessment of an
Aircraft Wing

Mingkun Xia — Symbolic Regression for Progressive Discovery of Physical Laws in Fluid
Mechanics

Anja Bartelmei — Closed-loop prediction of thermal plume dynamics in Rayleigh-Bénard
convection using delay-embedded optical reservoir computing

Ryan Santoso — Machine learning-based framework for predicting effective properties of 3D
partially saturated porous materials

Monica Lacatus — Surrogate Quantum Circuit Design for the Lattice Boltzmann Collision
Operator

loannis Kyritsopoulos — An Improved Data-driven RANS Modelling Approach for Separated
Flows

Liu Jun — Rapid Prediction of Total Pressure Field at the Exit of a 3D S-Shaped Expansion
Duct Using an Improved U-Net

Wilfried Genuist / Savin Eric — Predictive modeling of incompressible fluid flows using
conditional score-based diffusion models

Dev Hathi — Learning Lattice Boltzmann collision operator using Graph Neural Networks

Bharath Ravikumar — Scope of machine learning in the development of many-body dissipative
particle dynamics simulations of complex fluids

Jan Rottmayer — Bayesian Neural Network Surrogates for Aerodynamic Shape Design

Partha Dutta — Deep Learning-Enhanced Background Oriented Schlieren for Droplet
Evaporation

Ron Barron — Hard Boundary Condition Enforcement for Learning-Based Boundary Value
Problem Solvers

Tobias Rentschler — Transformer-Based Quadrilateral Block-Structured Mesh Generation

Ni Shuzhi — Physics-Guided Graph Neural Networks for Joint Optimization of Sensor
Placement and Sparse Flow Reconstruction

Yimin Zhang — Explicit Embedding of Flow Directionality and Advection Operators in Neural
Architectures for High-Fidelity Fluid Dynamics Prediction

Michael Vipin — Learning viscoelastic constitutive models from mesoscopic simulations using
scientific machine learning

Chris R. Jung — Generative Indoor Flow Prediction: Drifting Models for Surrogate Flow
Modeling

AIFLUIDs 2026 ¢ S01 Machine Learning



!II n # # #

n # u$ %&'(
! # " # "
# " # $( ")
# A
$
| I [
) $ 1k " !
#$( # " i " ¥ #
+## "HH "
I $( ! Hit #
$ " #
# " #
! # $( ! #
- - #
(## " # !
! "SI # #
# "# #
$( !
# #
# $
0 10 0 0/#
2" 0 2
%&' 3 | 45 # ! 6 75#

9 $:+.<.=, #HF ><.&&. >&8&$

%.'3??@ AB 12 ?7B $ 42 # #
" # ! 7
( "9 $<C+., ##$ D> D.. >.$

*s

AIFLUIDs 2026 < SO01 Machine Learning



%

I " #$
00 oo
Y #
#01 L $% " " ! " 1& &
1&g (! ! ! # !
# 1 $) ! I
Pk l# oo
#$ " + , I
! P 1'$ ) ! !
" 1
P ! L s+, ! !
* , o1 1 ! /
! " $2 + P
] # ] ]
34 TR ! rrs
5 21 1" 6 &)

AIFLUIDs 2026 ¢ S01 Machine Learning



Closedloop prediction of thermal plume dynamics inRayleigh-Bénard convection using
delay-embeddedoptical reservoircomputing

L2Anja Bartelmef; Stefan SinzingerJorg Schumacher
1 Optical Engineering, Technische Universitat llmenBu0.Box100565, D98684 limenau, Germany

2 Fluid Mechanics, Technische Universitat llmenau) Box 100565, 88684 limenau, Germany

Abstract

We present an optical implementationre$ervoircomputing forpredictingthe formation of thermal plumes in the
nearwall regionof athreedimensionaRayleighBénard convectio layer To this end, we analyse horizontal slices
of the vertical temperature derivative at the wadl blueprint of the complex structure formatiawgessThe data
are obtained from direct numerical simulasaf Rayleigh-Bénard convection with a Rayleigh number Ra & 10
and ahigh temporal resolutionOptical computing has many advantages. Besidesepsoty speedmassive
parallelism and energy fefiency, it offersthe possibility for the implementation of scalable neural netwofBae
concept that istraightforwardo implement is brakinspired reservoir computing. The backbone of #hg®rithm

is a sparsely connected recurrent neural netwbekreservoir, which maps sequeniigduts in a higkdimensional
dataspace. In contrast to other methods, the outpujivieiare trainednly. Ourimplementation is based on a free
space laseoptical imaging systemThe setuppuildson the use of an optical input deviethespatial light modulator
—which, in combination with two polarizers, ensures alim@ar processing of the reservetate vectorswith full
HD, the input device has enough pixels for theeysto process large amounts of data in paralifdout the
necessity ol dimensionalityreduction This allows the implementation of delay embeddingich increases the
memory of the network arichproves the general performance ovdireade parameter rang®&y loading the input
and reservoir states from the previous predictimp ©n the same chip, the clodedp scenario of reservoir
computing, a cascading memory is created, which representsraleypast time steps in paralléTrained
hyperparameters are the size of the input arraytheachumber of delaydie investigate the scalability of our
experimental setup with an increasingly complexrawa task.

Keywords: Rayleigh-Bénardconvection, Reservoiromputing,Optical comptting
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Surrogate Quantum Circuit Design for the Lattice Boltzmann Collision Operator

IMonica/ F W;XMatthias Moller
IDelft Institute of Applied Mathematics, Delft Unisigy of Technology, Mekelweg 4, 2628 CD Delft, Ne¢herlands

Abstract

Interest in the development of quantum computing hardware and algorithratebdsy
increased over the last decade due to their promise of acceleratirig cengutational
tasks beyond classical capabilities. In fluid flows, the wide range obsgaporal scales

that emerge as the Reynolds number increases makes direct nusiaridation (DNS)
increasingly intractable, restricting DNS to low Reynolds numbers and sintgieetyées.

This has motivated the development of quantum computational fluid dynamics methods,
particularly the quantum lattice Boltzmann method (QLBM), which offers expmhe
memory compression: while classical LBM scales linearly in the numhggrdbpoints and
lattice velocities, quantum implementations scale polylogarithmically, suggesting that fault-
tolerant devices with on the order of 100 logical qubits could, in principlesa&dS-scale
regimes for complex geometries. Despite this promise, progress in QL8btba slow due

to the nonlinear and dissipative nature of the collision operator, whicitegothe linear,
unitary, and reversible structure of quantum computation. Existing approachesedjtioer
linearization techniques such as Carleman linearization [1], which introduce pisilzabi
circuits and lack convergence guarantees, or neglect nonlinearity entirelyei2dnpng
recovery of viscous stresses.

In this work, we propose a new strategy rooted in classical surrogate modeflogifflows
[3]. We design and classically train a surrogate quantum circuit (SQC) o tea
Bhatnagar-Gross-Krook collision operator. Trained within a quantum circuihinga
framework [4], the SQC preserves essential physical constraintdimglumass and
momentum conservation, lattice symmetries, and scale equivariance while imgmain
unitary. The resulting four-qubit circuit provides a compact realization ofaftision step
compatible with quantum hardware. We validate the model on benchmark flowssuc
Taylor-Green vortex decay and lid-driven cavity flows, demonstrating aea@roduction
of dissipative dynamics and flow recirculation. This approach estabégirestical collision
operator for QLBM and highlights the potential of quantum machine learninghjics-
informed operator learning in quantum computational fluid dynamics.

Keywords: surrogate modelling, quantum lattice Bolzmann method, quantum machine learning

[1] C. Sanavio, W. A. Simon, A. Ralli, P. Love, S. Su@aylemandattice +Boltzmann quantum circuit with matrix
access oracle$hysics of Fluids37 (3) (2025) 037123. doi:10.1063/5.0254588.

[2] L. Budinski, Quantum algorithm for the advectiaiiffusion equation simulated with the lattice Boltzmann
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An Improved Data-driven RANS Modelling Approach for Separated Flows

Yoannis Kyritsopoulos*Michael Mays!Saleh Rezaeiravestlistair Revell;

1School of Engineering, The University of Manchester, Manchester, UK

Abstract

We present a data-driven RANS turbulence model to address the limitations of eddy viscosity models in predicting
flows with separation. The model is based on the SST-CC (Curvature Correction) and SST-RM (Reattachment
Modification) models, which use correlations to rnfpdhe turbulent production term of the TKE eqoati
enhancing turbulence in the separating shear kyémpromoting flow reattachment. A physics-based data-driven
framework is used for the calibration and developirad correlations in these turbulence models, and applied to
flow separation. The calibration phase leverages a simple algebraic correction function, with coefficients specifically
designed for flow separation prediction, avoiding ad-hoc corrections often used in methods like field inversion.
Bayesian optimisation (BO) is used for the calibration of the correction functisalirbounded cases and then
generalised using Symbolic Regression (SR). The BO-SR training set includes periodic hills, parametric bumps, and
a curved backward-facing step. The SR model was evaluated on the FAITH hill case and the Ahmed body, with
promising results for velocity, and turbulent kinetic energy predictions. The developed reattachment modification
model significantly improved predictions for flowmsth large separations and shows good generalisatio

Keywords: Turbulence Modeling, RANS models, Machine Learning, Bayesian Optimisation, Symbolic Regression
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Predictive modeling of incompressible uid ows
using conditional score-based diffusion models

Wilfried Genuist!2 Eric Savin,% Filippo Gatti2 and Didier Clouteaf

LUniversiié Paris-Saclay, ONERA
6, chemin de la Vauve aux Granges
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Corresponding author eric.savin@onera.fr
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ABSTRACT

Well-posedness of the Navier-Stokes equations in both the deterministic and stochastic settings is an
open problem [1, 2]. The existence of global weak solutions has been proven in both cases, however
unigueness has not been established so far. Besides, the existence and unigueness of strong solutions
is guaranteed only locally in time. Stochastic Navier-Stokes equations with random forcing have been
considered for various reasons. From a mathematical point of view, a conjecture by Kolmogorov sug-
gests that the addition of noise could possibly reduce the number of physically meaningful invariant
measures, which are not unique in general. From an engineering point of view, structural vibrations for
ow elds in aeronautical applications, or sun heating and industrial pollutions in atmospheric dynam-
ics, for example, can be modeled as random loads. From a computational point of view, this framework
paves the way for generative models based on score-matching [3], which learn the logarithmic gradient
of the probability density of an underlying diffusion process. By parameterizing this eld with a neural
network, the statistical geometry of the velocity elds can be reconstructed without explicit knowledge
of their probability distribution, allowing the ow statistics to be reconstructed or sampled via inverse
diffusion processes. These methods rely on the rise of generative diffusion models in scienti ¢ machine
learning, a class of models particularly powerful for learning complex distributions [4, 5]. Building on
recent advances in generative modeling for computational uid dynamics, we show in this communi-
cation how conditional score-based diffusion models can be adapted to account for physical constraints
pertaining to the ow properties, in particular incompressibility or turbulence spectra, and illustrate our
approach with numerical simulations [6, 7].
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Bayesian Neural Network Surrogates for Aerodynamic Shape Design

Jan Rottmayer<Emre OzkayalLong CheniNicolas R. Gauger;

IRPTU Kaiserslautern-Landau

Abstract

This paper investigates Bayesian Neural Networks (BNNs) agystiermodels within surrogate-based optimization
(SBO) for aerodynamic shape optimization (ASO) problems. SBO is a waliliebed paradigm for optimizing
computationally expensive black-box objectives by iteratifitling a probabilistic surrogate and selecting new
candidates through an acquisition function, which providesxaioration-exploitation tradeoff. Gaussian Process
Regression (GPR), or more commonly known as Kriging, remains a staiécd due to the strong inductive bias
via kernels and a closed-form posterior, but is limited g kernel assumptions and poor scaling to higher-
dimensional design spaces. In contrast, BNNs offer a more flexillsaalable alternative, offering less restrictive
model bias and superior scaling, while retaining uncertaingytification under a Bayesian treatment of network
parameters.

BNNs generalize deterministic neural networks by placing disioibsitover weights and biases, inducing a
predictive distribution via Bayesian inference. Since exact postefeence is intractable, we consider approximate
inference schemes suitable for SBO loops with limited computatimrtmet. We consider Monte Carlo Dropout

(MCD) and Infinite-width BNN (IBNN) as variational inference methodd eampare against Hamiltonian Monte

Carlo (HMC), which draws from the theoretical neural network postesuitzlition, and its approximate counterpart

Stochastic Gradient Hamiltonian Monte Carlo (SGHMC).

We validate the proposed methodology on two separate ASO prolifemisoth problems we use the SU2 RANS
solver and consider transonic flow conditions. The first ASO densia NACA0012 profile, decomposed into
camberline and thickness distribution, where the camberline is paramadtby 12 Hicks-Henne bump functions.
We minimize drag and maximize lift in a multi-objective formulation of3B® algorithm. Additionally, we include
an ONERA wing configuration parameterized using free-form deformation)(BbXes to consider an alternative
design space structure with increased dimensions (90). Thmeizgiton problem considers drag minimization and
lift maximization while also providing some geometric thicknemsstraints.

Results indicate BNN-based surrogates achieve performance comparable tavh@®Fexhibiting improved
scalability and less model bias. Overall, BNNs constitutealtarnative modeling choice for CFD-constrained
optimization workflows, combining robust function approation and uncertainty-aware decision making in the
SBO framework. This positions BNN-based SBO as promising diredtiorpractical ASO, especially when
simulation budgets are tight and reliable uncertainty quantditét essential for guiding the optimization process.

Keywords: bayesian neural networks, bayesian optimization, aerodynaape siptimization, surrogate-based optimization
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Deep Learning-Enhanced Background Oriented Schlieren for
Droplet Evaporation

Partha Dutthand Dr. Kiran Raj Mt

!Department of Applied Mechanics and Biomedical Engineering, Indian Institute of
Technology, Madras

Abstract. Background-Oriented Schlieren (BOS) imaging provides a non-intrusive approach for
visualizing and quantifying vapor transport during droplet evaporation. In the present study, BOS
is applied to investigate post-impact droplet evaporation on a heated substrate, with an emphasis
on the quantitative reconstruction of vapor concentration elds. The method is demonstrated for
measuring the transient concentration eld after the impact of volatile droplets on solid surfaces.
Optical displacement elds induced by refractive-index gradients are estimated using both a clas-
sical cross-correlation method and a deep-learning-based optical ow model (IRR-PWC Net-
work), employing a physics based irrotational displacement estimation technique trained from a
pretrained neural network to obtain a high resolution displacement eld. The results demonstrate
the potential of combining traditional cross-correlation and physics-based machine-learning dis-
placement estimation techniques to accurately capture the complex and highly transient nature
of droplet evaporation, particularly by enabling a comparative assessment of irrotational ow
characteristics consistent with BOS.

Keywords: droplet evaporation, vapor concentration eld, cross-correlation, optical ow in IRR-
PWC Net.

1 Introduction

The droplet evaporation involves coupled uid dynamics and heat transfer, with applications in inkjet
printing and combustion. The interaction of the droplet with the surrounding vapor after impact is crit-
ical in many engineering processes. Techniques such as Q-PLIF, PDPA, and He—Ne interferometry
provide high-resolution measurements but suffer from limitations, including scattering, alignment sen-
sitivity, and geometric constraintslf(2; 3)]. BOS measures vapor through image displacement; while
dual-camera setups improve focuS)[( single-camera systems remain cost-effective. Combined with
PIV cross-correlation and physics-informed deep learning, irrotational BOS displacement elds can be
estimated with improved spatial resolutiog)](after the impact of a volatile droplet,enabling accurate
reconstruction of refractive-index gradients and quantitative analysis of vapor concentration distribution
during droplet evaporation.

2 Experimental Setup and BOS Method

The experimental con guration utilizes a high-power LED to illuminate a 286 mm background pattern
(20mm dots, 50% coverage). Imaging is performed via a FASTCAM Mini UX (128024 px, 2000 fps,

10 nm pitch) equipped with a 70 mm focal length lens (f/3.5-5.6). A 2.5 mm 1:3 (w/w) acetone—water
droplet, corresponding to 25 wt.% acetone, is released from a height of 12.5 cm ontoGaHeded
hydrophilic surface. Optimized geometric parameters incljgg = 337 mm andZgrag= 140 mm, the

AIFLUIDs 2026 ¢ S01 Machine Learning 15
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distances from the Background FOV to the camera lens and from the Gradient plane FOV to the Back-
ground FQV, respectively, as shown in (Fig) and the two-dimensional schematic (Figp). Reference

and distorted frames were extracted from 2000 fps sequences using ImageJ, cropped to 512x512 px, and
spatially aligned to the FOV.

Background FOV . @
[___1Gradient plane FOV 2w projection
© Camera

Image ' Zgrad Background
Plane B | Dotted Pattern
20 mm| !
Lens

Droplet : _
withvapor | ___-~"
cloud =

300 ’

Heated
substrate
10

100
Z [mm]

L.ED
light
source

10 0-
— 100

z; Ziens

(a) Distance of lens and gradient plane of BOS
setup (b) Geometry of BOS

Figure 1: Experimental setup.

3 Mathematical Formulation

The de ection anglesy ande, (Fig. 1b) are related to the refractive index gradients BYJi(

z
1 ~ Zgradt DZp qn 29n 1 Z Zyaat Do Mn 2 1Mn
= — —dz= — —DZp; = —dz= ———Dz 1
T o zgw 0z X Z Mol YT g o Ty Mo fly D @)
The corresponding schlieren displacements are
Dx= Ke; Dy= Kg, 2)

whereK = Zg:a“z' is given in equation 3 by )], and whereZyaq, Zi, andZens denote the background-
to- ow, lens-to-image, and background- to lens distances, respectively. CombinindlEgsd(@) gives
11}” = CDx and “; = CDy, whereC = ol ch andng are the refractive index of air, aridZp is the
calibrated half-width of the eld of view. The nal refractive-index eld is obtained by taking the median
of the three reconstructed elds @y (X;y) = median Nief; Nright; Ntop - Boundary conditions set the
left, right, and top boundaries tg;,, while the bottom boundary remains unconstrained.

4 Displacement Field Estimation

The displacement eld is determined by comparing reference and distorted images via PIV cross-correlation
and the IRR-PWCNet model for both clean and noisy datasetsZ)-iBlV based cross-correlation relies

on FFT-based interrogation windows—Iimiting resolution to low-pass, window-averaged vectors—IRR-
PWCNet uses a seven-level feature pyramid and warped cost volumes. This architecture facilitates it-
erative residual re nement to produce a dense, per-pixel displacement eld, resolving high-frequency
gradients that are typically suppressed by traditional windowing.

Figure 2: Displacement vector.
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4.1 Synthethic data generation for model

For an irrotational displacement eld, the vorticity is

_ 1Dy fnx

Wz =

x Ty’ )

RN [
Substituting Egs.)—(2) into Eq. @) yieldsw,= 2% 1 I8 [ I8 dz= 0. Based on this, syn-
thetic data were generated by convolving a random scalar eld with a Gaussian lIter to obtain a smooth
potential given in C. Mucignatf)].

4.2 Network architecture used for BOS

The IRR-PWC-Net [{)], based on PWC-Net §], employs iterative residual re nement with shared
weights for ef cient and accurate optical ow and occlusion estimation. Unlike PIV cross-correlation,
IRR-PWCNet processes images through a seven-level feature pyramid and uses a single shared decoder
to iteratively re ne ow across levels, resulting in a compact and accurate model3Egigig. 3b).

|
1X1
conv

— Warping
= Correlation
Optical Flow
Decoder
Context Network
fw

—
—

(a) PWC-Net (b) IRR-PWC-Net

Figure 3: PWC-NET Vs IRR-PWC-Net.

4.3 Loss Function evaluation for irrotational displacement

The model uses satellite images where CMOS-based physics mé)eds added, and transfer learn-

ing from 22,872 FlyingChairsOcc planar-motion image pairs was utilized. Following the PIV based
cross-correlation-style formulation, only ow weight components are used, while occlusion weight com-
ponents are excluded. The error at each layer is measured using the average End Point Error (EPE),
de ned as thd_, norm shown in Eqs4), where M is the number of pixels. Since the displacement eld

is expected to be irrotational, a curl regularization term is added to the total loss, as shown B) Egs. (

M . .
EPE= = & kfl (fir)ike @)
M k=1
N o o
Loss= g aikf' firko+ bi(N  f') (5)

i=1
Here,a; andb; weight the EPE and curl terms, respectively, at each scale N.
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Figure 4: Comparison of End Point Error (EPE) for the clean dataset and noisy data.

5 Results and Discussion

5.1 Comparison of displacement feild
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Figure 5: Comparison of the resultant displacement elds: (A) PIV cross-correlation, (B) clean-
dataset IRR-PWC-Net, and (C) noisy-dataset IRR-PWC-Net.

PIV cross-correlation captures droplet evaporation structure, but for a 512 x 512 image, it resolves only
128 vectors (512/4) due to interrogation windows (32 x 32 to 4 x 4), averaging motion within each
window and blurring ne features such as the thin vapor layer, especially in noisy conditions. In contrast,
IRR-PWCNet optical ow uses a seven-level image pyramid, starting from coarse resolution to capture
large displacements and iteratively re ning through upsampling to Level 1, producing a dense 512 x 512
ow eld that preserves both large and ne-scale structures after training with rotationality constraints
on clean and noisy datasets

5.2 Comparison of rotationality
A B C

PIViab cross-correlation Vorticity (jet) Clean dataset IRR-PWC-Net Vorticity (Jet) Noisy dataset IRR-PWC-Net Vorticity (jet)
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Figure 6: Comparison of rotationality: (A) PIV cross-correlation, (B) clean-dataset IRR-PWC-
Net, and (C) noisy-dataset IRR-PWC-Net.

5.3 Comparison of molefraction

The displacement eld obtained in PIV cross-correlation,clean dataset, and noisy dataset can be used
to nd the refractive index of the mixture .The refractive index of the mixture obtained can be used to
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nd the concentration of droplet evaporation using the mole fraction derived from the Gladstone-Dale
equatiommixure 1= Kr given in equation®), and their comparison is shown in (Fig.

c= _bn . (6)
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Figure 7: Comparison of molefraction : (A) PIV cross-correlation, (B) clean-dataset IRR-PWC-
Net, and (C) noisy-dataset IRR-PWC-Net.
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5.4 Comparison of radial molefraction
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Figure 8: Comparison of radial molefraction (a) PIV cross-correlation vs clean dataset IRR-PWC-
Net,(b) PIV cross-correlation vs noisy dataset IRR-PWC-Net and (c) clean dataset IRR-PWC-Net
vs noisy dataset IRR-PWC-Net

The evaporation dynamics of the droplet, just after impact on a heated substrate, show the droplet oscil-
lating back and forth in the transverse direction, which can be clearly seen in the resultant displacement
(Fig. 5), as well as in the corresponding reconstructed concentration elds given in7Figpm 180

nmsto 220 ms . The primary mechanism driving this lateral oscillation is the competition between the
droplet initial kinetic energy and the forces resisting its spread.The concentration eld plot shows radial
variation starting from r=0. Comparisons between PIV cross-correlation and the IRR-PWCNet model
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for clean and noisy datasets (F&p Fig. 8b) indicate that the irrotationality constraint in BOS modi es

the displacement eld, reducing blurriness in droplet evaporation dynamics relative to standard PIVIab
cross-correlation. Additionally, Figc compares the trained model on clean and noisy datasets, demon-
strating reduced noise in the reconstructed eld.

6 Conclusion

The IRR-PWCNet framework represents a signi cant advancement in Background-Oriented Schlieren
(BOS) imaging by seamlessly integrating the fundamental physics of irrotational displacement elds into

a deep-learning architecture. By penalizing curl errors and maintaining a full 512x512 spatial resolution,
this approach effectively overcomes the resolution limits and blurring artifacts typical of traditional cross-
correlation methods in PlVIab. Furthermore, the model's robustness to sensor-calibrated noise ensures
high- delity reconstructions that are both physically consistent and exceptionally sharp. Ultimately, this
physics-based approach facilitates the visualization of transient evaporation structures and vapor mole-
fractions with a level of detail that was previously lost to standard analysis, bridging the gap between
complex uid dynamics and neural network precision.
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Abstract. Partial differential equations (PDEs) are timathematical foundation faomputational modellingn
science and engineering. Classical mieabed schemes (finite difference/volume/element) aocurate and
reliable simulation tools but can become compunaiiy expensive and may require stabilization dinesnent
strategies that complicate implent&tion and can damp important solution featuMachinelearning (ML)
methods have emerged as attractive alternativesdoelerating PDE solvers or buildifigst surrogates. On
structured grids, convolutional neural networks {@)naturally mimic stenciike locality. However, a persistent
practical limitationremains in thatboundary conditions (BCs) are often enforced sofidypenalty terms in the
loss. This work addresses the BC issue by introdpaihard (explicit) BC constraint within a leamrinased PDE
solver framework. The central idea is to keep pibed boundary information fixed and use a findifference
discretization of the PDE to actiyecorrect boundanadjacent behavig during trainingComparisons with and
without the hard BC constraint show that expli@ubhdary enforcement improves stability and solufidality
of the CNN predictions, particularly in neasll regions

1. Introduction

The behaviour of many phenomena in science and engineering can beedesgnrtial differential
equations (PDEs)n fluid mechaniceind heat transfes, set of convectiocdiffusion equationglescribe
how quantities like velocity, pressuréensity,and temperature change in space ame [1]. Two
problems consistentlghow up as stress tests for numerical method3DEs the Poissorand the
convection-diffusiorboundary value probles{BVPs), whichareanelliptic (steady flow)or parabolic
(unsteady flow) PDE that appears in many CFD formulafibhgraditionally, thesd@VPsare solved
using mestbased numerical schemes such as finite differéimti volume, or finite element methods.
These approaches are reliable and well understood, but they can be tomgllytaexpensive
particularly when the mesh is very fine antlen manyiterationsare neededl]. For most practical
flow scenariosthe solution quality depends heavily on how accurately wall boundary conditidns
nearwall behaviourare captured.

Recently, machine learning (ML) approaches haven leeg@lored as alternative PDE solvers or fast
surrogates. Convolutional neural networks (CNNs) are attractivstrantured grids because they
naturally learn local stenelike relationships. However, they generally suffer from practical
limitation thatboundary conditions are often enforced softly through penalty terrhe Ings function.

As a result, predicted boundary values may not exactly match prescribed valess the training is
carefullytuned [2] This is not a small issesinceBVPs areknown to bestrongly controllecby their
boundariesRen et al. [3] have notdtiat physical constraint mismatches can account for 20% of the
total errorin neural network models.

In this work,the mismatch at the bounddsyaddresselly introducing a hard boundaggndition (BC)
constraint within a learninbased PDE solver framework, focusing on Poisson and conwvslifiosion
problems. The key idea is to keep the boundary information fixed and use EhdiftiPetization to
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correct the neaboundary region during training. This correction is applied repeatedly (for éxaamp
the end of each epoch), helping the learned solution remain compatibltheviboundary constraints
while the network focuses on learning the intebehaviou Results with and without the hard BC
constraintare comparedo demonstrate howhe explicit boundary enforcement improves robustness
and overall solution quality.

2. Proposed Methodology

The CNN architecturdor implementationof the hard boundary constraiffior the Poisson and 2D
convectiondiffusion problems is designed on a decomposed domain, wieemmputational region

is split into two parts: an inner square and amronhg adjacent to theoundary The model learns the
solution overthe innersubdomain while maintaining communication with the physical boundary
conditionsthrough the interfaceith the outer ringThe boundary values of the inner square are updated
using informationfrom the outetboundary [4].For both soft and hard BC constraindse network
consists of an input layer with 2 neurons for the spatial coordifatgsfollowed by two hidden layers
with 64 neurons each amahh activation functions, and a final output layer with 1 neuron for the scalar
solution field. The model is trained in a coatedine manner on meshes size 65x65, 129x129,
257x257 and 513x513vhich allows the learned parameters from a coangesh to initialize the next
finer mesh and improve convergence.

To formulate the hard boundary constraint, consider the gertémbi2rconvection-diffusion

Qi+ Ry FAfi= g1y (1)
GHILQHG RQ D GRPDLQ ZLWK SUHVFULEHS®S'S UR FIKFROCHW. @ D GXR\L Y
with finite differences yields the corresponding finite differencea@qn. For first and second order
discretizations, the difference operators at grid p&ify Wyocan be expressed as a linear combination
of neighbor b) values on the stencil centeredig),(as illustratd in figure 1a that is,

=20a= ¢ Os + =g0gt =aDaxt =2 0at 5 (2
>
n:ij+1 g_cg MOW }pv
a 5 EE }ulv ™<=
. m
Pl
W: i-]_'i e: i+1’i ..... ?.\.-....- .............. [?
: j =3 @ I:p ........... _....... ............. [?.
st [JEY G S S L S S S
=1 . A S
i=1 i
a) b)

Figure 1a) Finite difference stencib) Physical and neural network domaine ( physical boundary
points for PDE; O boundary points for NN).

For example, if all derivatives in equation (1) are approximated with secdadaantral differencing

at any grid poinp in the solution domain, the coefficients in (2) are given by
5 €o 5 ep

_ = A 5 _5 = = A —_— —— A —_—
BT2ARGTT O G =T Aqgteer P Ao Tere
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Implementation of hard boundary constraim a rectangular domain is illustrated infigure 1b. The
physical boundary isisolatedand the neural netwoi& applied orthereduced domain ¢containing
only the interior nodes of domain. At the end of each epoch, the valuestodit the neural network
boundary nodes are adjusted based on the discretized PDE at theseCoodetering the neural
network boundary node(i,2) infigure 1band applying eqn2j, the solution ap is updated according
to

05= k=g Og + =gOgt =,0,+ =304+ %0 = (4)
where 0, is the prescribed boundary valueiat)(

3. Results and Discussio

3.1 Poisson equation

Consider the Poisson equatid?T = FH2+ &°5T1 F 7} ? K @ Ywhich hasthe exact solutioni =
T1 F 7 ? K® Yshownon the domairin figure 2. The correspondinDirichlet boundary conditions

for this “manufactured problem” are obtained from the exact soluti.e., T(FL, U=
Feog el T(1,Y=0,1(TF)=T(T)=TTHA),T(1FYY= Wl F Ycoy &

'Y 0.75 .50 025 000 05 050 aTs 100
x

Figure 2Exact solution of Poisson BV#h a cutshaped domain

3.1.1Soft BC constraint for Poisson equation solver onstiiped domairiTable T evaluates cross
mesh generalizatioim which the modelwith soft boundary constrainis trained on a coarse mesh and
evaluated on finer meshes. The overall trend isdtratrs reduce as the training mesh becomes finer,
which is expected because a highesolution training mesh exposes the network to more detailed
geometry and stronger gradients. For example, training onesi@Sk65, 129x129 and 257x253nd
testing on the 513x513 mesh shaawedudion in MSE from 1.29e-6to 5.97e7, and the MAE drops
from 6.73e4 to 4.%e4. This indicates that mesh resolution at training time stroinglyences the
achievable error floor. A second important observation is thatgest progressively finer meshes does
not cause instability. For instance, when the migltdained on mesh &b65 and tested on 12929,
257257 and513x513 the error generally stays controlled and oftecreigses slightiyAt the same
time, because the boundary conditions are enforced as penalfiesofssiraints), small boundary
mismatches can persist. For elliptic problems Rkésson, boundary errors influence the entire domai
so even small boundary inconsistiescan prevent the method from reaching the lowest possible error
3.12 Hard BC constraint for Poisson equation solver onshdped domairTablelbrepeats the same
train and test mesh comparisdoashard boundary enforcement through bounesdjacent correction.
The pattern is consistentith hard constraints yieidg lower MSE and MAE across all listed train and
test pairs relative to the safonstraint results. The improvement is already visible at coaisenty.

For example, training on 865 and testing on 12429reduesthe MSE and MAE froml1.40e6 and
6.96e-4(soft), to 1.1%-6 and 652e-4 (hard)respectively This shows that even when the solution is
learned from a relatively coarse mesh, stronger boundary enforcenegents the network from
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PDEs in which theolution ispredominatehboundary-driven.

Table 1. Effecof boundary constraints for Poisson BVP, a) soft constraints, b) hard cotsstrai
Training | oo mesh|  MSE MAE Training | rost mesh|  MSE MAE
mesh mesh
65x65 129 x129 1.40e6 6.96e4 65x65 129 x129  1.15%-6 6.52-4
65x65 257x257  1.32e6 6.81e4 65x65 257x257 1.0%-6 6.40=-4
65x65 513x513  1.29e6 6.73e4 65x65 513x513 1.062-6 6.33e-4
129x129  257x257  7.79e7 5.19e4 129x129  257x257 0.74e-6 5.0%e-4
129x129  513x513  7.58e7 5.13e4 129x129 513x513 0.72e-6 4.96e-4
257x257  513x513  5.97e7 4.55e4 257x257  513x513 0.53e-6 4.22%-4
@) (b)

To further compare the soft and hard BC approadtesmluteerrorsbetween the exact and predicted
solutions are plotted in figur® along the verticaline x = 0.95.1n all cases, the hard BC constraint
yields a more accurate solution, the difference being most noticeble the boundary effects are

strongest. Overall, figurd shows that while both methods are effective, the hard BC approach gives a
more accurate solution and better error control for the Poissorniaguat
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Figure 3Absolute error plts alongx = 0.%, for comparisorof soft andhard implementation of

boundary conditions (Poisson equationa@ut-domair).
3.2 Convection-diffusion equation

Ge and Zhang [5] investigated the effect of Reynolds number on the convectiorediffgsiation (1),
taken in nordimensional fornwith A= Re? > The convective velocity is chosento @, Y = T T F
DA F2Yy, RTY= FWU A)1 F2T and the source term is given BT U= H Qr
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DDA F £} F(RF1)>CY{1L F ¥T}, where X a={exp(Fae)dAexp(FA4N/{1F
exp( FAN. The exact solution for this problem i$( T U= [1 F ¥ ][1 F % V], satisfying
boundary conditiond(0, ) =0, T(1,Y=1 F ¥V, 1(T0 =0, 1(T1)=1F *7.

3.2.1 Soft boundargonstraintfor 2D convectiordiffusion equation solveFor all Re intable 2, the test
mesh is 513x513Table 2a shows that,as Re increasesand the PDE becomes more convection
dominatedthe learning problens more challenging-orRe =1.0, theerrors are relatively stable, with
MSE of the order of Deb and MAE around .Be-3.For Re = 10 errors increase and become more
sensitive to the mesh pairing. This indicates that, at teism&rboundary behavio is starting to
dominate performance, and soft enforcement struggles to reproduceeartrsisindantayer structure
when transferring between resolutioRsr Re = 100 the error increases dramatically. This large jump
is typical of strongly convectiedominated regimes, where thin layers form and snedkboundary
inaccuracies create large global errdmsfact, close analysis of the exact solution indicates \égi
gradients naathe boundariesT= 0 and U= 0, where the solution increases from a value of 0 on the
boundary to a maximum value of 1 within a very thin boundary layer.

3.2.2 Hard boundary constraint for 2D convectidiffusion equation solver.he data in table 2b show
that hard constraints generally improve performance for modematection influence. However, there
are also cases where hard constraints do not clearly outperform soft canstraihtas training on 257
and testing on 513 at Re = 10, where the hard result is only comparable to yrwlhgbe than the soft
result. This suggests that for this particular pairing thitddmeck is not purely boundary enforcement.
Optimization stability and representation of steep gradienty ldeacome the limiting factors. For Re =
1, hard constraints provide significant gains in transfers showibl@a. This indicates that even in
smoother regimes, enforcing boundary consistency can significantly impasseresolution transfer.
For Re = 100, hard constraint errors remain high, supporting a clear antl dgsessment that, when
the problem is strongly convecti@ominated, boundary hardening alone is not enough, and additional
stabilization is needed, such as stronger -tegear sampling, more robust discretizationnsistent
training, or regimespecific tuning.

Table2. Effectof boundary constraints for convectidiffusion BVP, a) soft, b) hard

Re | Trainingmesh| MSE | MAE Re | Trainihgmesh| MSE | MAE
1 65x65 1.02e5 2.57e3 1 65x65 0.72-5 2.04e-3
1 129 x129 0.92e-5 2.43e3 1 129x129 0.16e-5 0.9%-3
1 257x257 1.18e5 2.70e3 1 257x257 0.84e-5 2.64e-3
10 65x65 1.90e5 2.74e3 10 65x65 0.6%-5 1.3%-3
10 129 x129 4.28e5 3.90e3 10 129x129 0.41e-5 1.26e-3
10 257x257 4.94e5 3.52e3 10 257x257 5.03%-5 3.62-3

100 257x257 134.0e-5 14.3e-3 100 257x257 225.8e-5 1695e-3

(@) (b)

Figure4 compaesabsolute errorbetweenthe exact solution and those predictedliiysoft BC and

hard BC approachealonga vertical section nearx0.95 for Reequal tol andl10. Forthese values of
Re,thisfigure shows that bothoundary constraint methods produce relatively small errors throughout
most of the domain, confirming that both can approximate the exact soliglbrHewever, thesoft

BC results show larger oscillations and higher error peaks, especiallyheelaoundary regions. In
contrast, thénard BC curves are smoother and remain lower, indicating better boundaryeerdatc
and improved stabilityOverall, these figures demonstrate that both aghemare capable of capturing
the solution behavig, but thehard BC method consistently provides higher accuracy and better
stability, particularly near the boundaries.

*Corresponding Author, R. Barroaz3@uwindsor.ca
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Figure4 Absolute error plat dong x=0.95 for Re equal to 1 and 10 for soft and ha@dd®nstraints for the
convectiondiffusion equation

4. Conclusiors

In this work,the effect thaboundary conditiornforcement has dhe performance of learniflzased
PDE solvershas been investigatediocusing on Poisson and 2D convectidiffusion BVPs 1t is
observed that soft boundagondition enforcement, which is commonly used in neural netwo
approaches, can lead to mismatches at the bousdahiese errors may seem minor, ibig shown that
they can influence the entire solution and redwegall accuracylo address this issue, a hard boundary
condition approach has been introducgldere the boundary values are strictijoeced during training
using a finitedifferencebasedcorrection at boundargidjacent nodes. This allows the model to maintain
consistency with the governing equations while improving the solution near the besnda

The results show thatdthard boundargonditionapproach consistently improves accuracy for Poisson
problems across different mesh resolutions. Focdneectiordiffusion equation, the method performs
well in moderateconvective flowregimes Re = 1 and D), where boundary effects are important.
However, in strongly convectietlominated casefR€ = 100), the errors remain high even with hard
boundary enforcement, indicating that the main difficulty comens failure tocaptue sharp boundary-
layergradients and interior physics rather than just boundary conditions.

Overall, the study shows that enforcing boundary conditions explicitly caroweapstability and
accuracy in learningpased PDE solvers. At the same time, it also highlights that additiohalgaes
are needed for more challenging regimes. Future wonkesglore combining this approach with

stabilization methods, better sampling strategies near bgundgers, and improved model
architectures.
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Abstract.

Transformers have demonstrated signi cant advancements in mesh generation. However, their
quadratically increasing memory and computational requirements signi cantly limit their ap-
plicability to CFD simulations with millions of mesh elements. To reduce the number of to-
kens to be generated per mesh, we present two methods on different levels. First, we generate
coarse quadrilateral block structures suitable for re nement via trans nite interpolation to pro-
duce high-quality CFD meshes, thereby reducing the number of mesh faces. Second, we propose
an adjacency-preserving tokenization strategy that chains consecutive faces sharing edges, im-
proving convergence and prediction quality compared to conventional lexicographic ordering.
Building upon this, we introduce sparse row-structured tokenization that eliminates redundant
vertex tokens through shared edges, reducing sequence lengthd® and GPU memory by

50%. We demonstrate effective training on consumer-grade GPUs, producing block structures
suitable for turbomachinery CFD applications.

1. Introduction

The generation of meshes that are suitable for CFD simulations typically involves millions of elements,
atask that is particularly challenging for Transformer-based architectures. This issue is addressed in two
distinct levels. Initially, the number of faces per mesh is reduced. Subsequently, the number of tokens
required to represent a mesh for the Transformer is decreased.

The number of faces needed to generate by the Transformer autoregressively is reduced by generating
coarse block structures using a quadrilateral domain partition algorithm that divides the geometry into
large quadrilateral regions. Data augmentation is employed to generate coarse blocks that are structured
based on these quadrilateral subregions. These block structures can be re ned to high resolution through
trans nite interpolation in a post processing step.

Conventional tokenization approaches to autoregressive mesh generation, as introduced by Nash et al.
[6], employ lexicographic ordering where vertices are sorted in yzx order (yx in 2D) within each face, and
faces are arranged by their rst vertex [3]. This produces a layer-by-layer arrangement for uniform grids
where adjacent faces sharing edges are consecutive in the token sequence. However, for meshes around
objects like turbomachinery blades and coarse block structures with varying element sizes, lexicographic
ordering breaks down: consecutive faces in the token sequence are often not adjacent faces within the
mesh, creating discontinuities in the token representation and increasing prediction dif culty. The blade
cut-out ampli es this effect, introducing frequent jumps even for simple geometries.
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In order to ensure that adjacent faces appear as consecutive tokens in the sorted sequence, a half-edge
data structure [2] is employed to traverse faces by edge connectivity. This eliminates the need for du-
plication of vertex tokens, as vertices shared between consecutive faces are tokenized only once instead
of once per face, thereby reducing computational overhead. Discontinuities are reduced compared to the
lexicographic sorting and only appear between rows of chained faces.

2. Data

The dataset under consideration incorpora@30generated turbine blades, with a random scaling factor
varying from0:50to 0:95 and random rotation within the interval = 4; = 4] applied to each individu-

ally. Each pro le is decomposed into a set of streamlines via a domain partition algorithm [7, 5], dividing
the geometry into quadrilateral regions. The process consists of: (1) computing boundary crosses from
local normal and tangent vectors, (2) mapping to representative vectors, (3) propagating the frame eldto
interior nodes, (4) detecting singularities using the Poim@aglex, and (5) generating streamlines from
singularities by following the cross eld direction. Since con gurations wétor more singularities
already yield partitions with a large number of quadrilateral elements and signi cant size variation, the
dataset was restricted to meshes containing exactly 2 singularities, producing a base block structure of 6
faces, as shown in Figure 1.

As illustrated in Figure 1, augmentation is performed by subdividing each edge once (4 blocks, center)
and twice (9 blocks, right).

Figure 1. Streamlines (left), 1x subdivision — 4 blocks (center), 2x subdivision — 9 blocks (right).

3. Tokenization

Tokenization is de ned as the process of converting raw data into a set of discrete vectors, thereby
transforming the data into a format suitable for transformer-based architectures. As Transformers learn
statistical patterns from training data, a consistent ordering of mesh elements that yields the same to-
ken sequence and clear patterns for each mesh is essential for autoregressive generation. In the initial
tokenization stage, equation (1) is employed to transform the coordinates into a discrete set of integers,
within the range of0; n{1]. The parameten represents the total number of integers and, consequently,

the number of discretized coordinates. Largeyields ner resolution but increases model capacity
requirements. The lower bound is imposed by the shortest edge length in the dataset.

In the subsequent step, a unique vector is assigned to each integer. In addition, the application of special
vectors are required. This includes the implementation of vectors for Start-Of-Seq&D6&e End-
Of-SequenceEOS), End-of-Row EOR), and PaddingR AD ) to mark the sequence boundaries and
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@ First occurrence E Repeated token @ First occurrence B Repeated token

(a) Lexicographic ordering (b) Adjacency-preserving ordering

Figure 2. Comparison of lexicographic (left) and adjacency-preserving (right) ordering. Face order is color-coded
from low (blue) to high (red), plotted at the center of each face. Repeated tokens are marked with squares, rst
occurrences with circles.

padding.

Xi  Xmin
Cuiscretizea= round ————— (n 1) (1)
Xmax  Xmin

3.1 Lexicographic Ordering

Nash et al. [6] introduced lexicographic ordering where vertices are sorted in yx order and faces are
arranged by their rst vertex. For uniform grids, this produces a layer-by-layer arrangement where
adjacent faces appear consecutively in the token sequence. However, for meshes around objects like
turbomachinery blades and coarse block structures with varying element sizes, consecutive faces in the
token sequence are often not adjacent, creating discontinuities as shown in Figure 2a and 3.

1oyl L 2 2 2 2 3 3 3 4 4 4 5 5 yS S 6 6 6
vi vi v3 vi vi vi vi v3 vi v; vy vi vj vi V3 ov3ovg % 2%
e @ @ ©° H e e N H O e nm O e e nm H e o ©§ H O e W

7y vl 8 /8 9 9 10 /10 10 11 11 12 12 12
vi vi vi v V3 v3 %4 vi® v3 % vil vi viZ vi? vi
HE ® e O HE B O o O m o e HE B @ e 0 m e HE B B O

@ First occurrence of unique vertex B Repeated vertex

Figure 3. The vertex sequence displayed is generated by lexicographic ordering method applied to the rst twelve
faces of Figure 2a). The index and superscript are used to denote order and face number in the sequence, respec-
tively. The initial occurring tokens are indicated by the use of circles. Repeated tokens, represented by squares, do
not possess a clearly de ned position within the sequence.
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vi vi Vi viivs vZ vi iv3 % vi v vi Vi iv3 ivi Vg Ve v % EOR

e @ 0 o B, E . e o H E 0 O B0 e o H R e o HE R 0 @ A

vl V] v} %1 % % vi0 vi0  witwvitwvitvil o iz ivizivl? EOR
H e O BH B0 0 m B 'E 0 O 08 e m B E o H B E, e O A
@ First occurrence of unique vertex M Repeated vertex A End-of-row token (EOR) --- reversed previous edge

Figure 4. The vertex sequence displayed is generated by adjacency-preserving face ordering method applied to
the rst two rows from gure 2b. The exit edge of fadebecomes the entrance edge of facel in reversed
direction. Redundant tokens, highlighted by the gray dotted box, possess a distinct position and can be eliminated.
End-of-row tokens are represented by stars.

3.2 Adjacency-Preserving Ordering

The proposed method preserves adjacency through a half-edge-based traversal strategy [2] that chains
consecutive faces sharing an edge. Starting from the lexicographically rst face, faces are traversed
in ascending x-direction until no adjacent face in this direction exists. The next row starts with the
lexicographically rst unvisited face.

To ensure the desired adjacency pattern, displayed in Figure 2b and 4, where the last two vertices of
facei equal the rst two vertices of face+ 1 in reversed order, all rows progress left-to-right: rows
progressing right-to-left are reversed. Vertices within a face are ordered clockwise starting from the
bottom-left corner. The exit edge of fac¢verticesv; ! v}) thereby becomes the entrance edge of face
i+1 (verticesvil+1 ! vi2+1) in reversed direction, enabling a sparse row-structured representation.

3.3 Sparse Row-Structured Tokenization

The application of adjacent-preserving face order, in combination with vertex sorting as previously de-
scribed, allows for the ef cient use of sparse row-structured tokenization. The utilization of all four
vertices is only necessary at the initial face in a row, due to the presence of repetitive redundant tokens.
Subsequent faces in a row do not require the generation of the rst two vertices. Consequently, only the
remaining two are considered, in contrast to the conventional approach which utilizes all four vertices
for each face. Consequently, the implementation of an end-of-row (EOR) token is essential to denote
the end of each row. This strategy reduces the sequence lengt%yn the employed dataset, from a
maximum of448to 272tokens, and decreased GPU memaory usagébhs

4. Architecture

The Transformer architecture [9] employed for quadrilateral mesh generation consists of a giack of
stages, where each stage comprizeasked self-attention layers followed by a single cross-attention
layer. Token representations are processed through the self-attention layers with causal masking to en-
force autoregressive generation, while conditioning information from geometric context encoders is in-
jected via cross-attention after each stage. Geometric context is provided by cross-attention using two
parallel encoders /refmeshtron: A Point Perceiver encoder [4] and a Face Count encoder based on sinu-
soidal encoding. The Point-Perceiver encoder processes the input point cloud, which is generated by a
Delaunay triangulation, into a xed set of latent embeddings capturing global geometry. The Face-Count
encoder maps the desired number of faces to a learned embedding using sinusoidal encoding, providing
explicit control over mesh density. These conditional embeddings are concatenated and supplied as key
and value inputs to the cross-attention mechanism, ensuring that geometric guidance is available at every
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layer. Rotary Positional Embeddings (RoPE) [8] are employed throughout the architecture, encoding
relative position information directly into the attention computation. RoOPE supports extrapolation to
sequence lengths beyond those seen during training, which is essential when generating meshes with
varying face counts.

5. Results

The three tokenization strategies were evaluated using a three-stage Optuna optimization pipeline [1]
based on bits-per-token (equation 2) on validation data. Two independent optimization runs were con-
ducted, with parameter ranges re ned between runs. Each stage builds upon the best con guration from
the previous stage:

» Stage A (Architecture): Model dimensiordmogel, NUumMber of attention heads, number of stages
(2 to 5), layers per stage (2, 4, 6), and latent embeddings (4, 8, 16, 32, 64).

» Stage B (Hyperparameters):Learning rate (log-scale), warmup steps, dropout, and weight decay.

» Stage C (Training Dynamics):Batch size, gradient accumulation steps.

Optuna's MedianPruner with Tree-structured Parzen Estimator (TPE) sampling [1] was used to prune
unpromising trials. In stage A, 50 trials were completed for each method, while 30 trials were completed
in stages B and C. Final model evaluation was performed by training the optimized con gurations with
three independent random seeds across two independent optimization runs to ensure reproducibility.

5.1 Evaluation Metrics

The primary metric for model comparison is bits-per-tokB® I ), de ned as:

1 X
BPT= - log, p(xi) )
i=1

whereN is the sequence length apdx;) is the predicted probability of tokex;. BP T quanti es
the mean information content per predicted token. Lower values correspond to higher compression and
prediction quality.

The vocabulary consists of 256 discrete coordinate tokens, in addition to three special tokens used for
the Lexicographic and Adjacency-PreservirgQS, EOS, andP AD) methods. The Sparse Row-
Structured method employs the same three unique tokens and additional one EOR token. To evaluate the
holistic ef ciency, the bits-per-mesiBP M ) are computed by multiplying thBP T with the number of

tokens per mesh, combining prediction quality with sequence length.

5.2 Bits-per-Mesh Analysis

Table 1. Final comparison of the three tokenization strategies.

Strategy BPT Tokens GPU Memory BPM  Accuracy

Lexicographic 0:388 0:038 448 15866 MiB 173.8 76:4%

Adjacency-preserving 0:340 0:009 448 15866 MiB  152.3 79.0%

Sparse Row-Structured 0:551  0:012 272 8379 MiB 1499 683%
5
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Table 1 reveals an important distinction between the two evaluation metrics. While Adjacency-preserving
achieves the lowest per-token l0€s340BP T, 79.:0% accuracy), Sparse Row-Structured achieves the
highestBP T (0:551, 68:3% accuracy) yet the lowest bits-per-medd©9) due to its39:2% shorter se-

guence length. Lexicographif:888BP T, 76:4% accuracy) occupies the middle ground. This demon-
strates that the row-compressed tokenization compensates for its higher per-token prediction dif culty
through reduced sequence length - an effect that becomes increasingly signi cant as mesh complexity
grows. The GPU memory requirements represent peak inference memory for the 54-face base meshes,
with Sparse Row-Structured achievifg 8% reduction ( 8379 MiB vs 15866 MiB) compared to the

other strategies.

The adjacency-preserving strategy demonstrates superiority over lexicographic sorting in several re-
spects. The structural coherence ensures that adjacent faces remain adjacent in the token sequence,
thereby accelerating convergence and consistently achieving better local minima. Additionally, the
adjacency-preserving strategy exhibits reduced variance across multiple trainings, suggesting more sta-
ble optimization dynamics.

The row-compressed tokenization strategy, which builds upon the adjacency-preserving approach, demon-
strates acceptable performance with signi cant memory reduction. By eliminating redundant vertex to-
kens in consecutive faces, it achieves 40% shorter sequence length while maintaining prediction
quality through the reduced sequence length.
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Abstract

While Computational Fluid Dynamics (CFD) provides high- delity ow elds for optimizing indoor environments,

its computational cost limits rapid exploration. To solve this problem generative surrogates offer better distribution
modeling than deterministic networks, but iterative sampling is slow. To enable high-quality, single-pass genera-
tion, we adapt the novel generative drifting framework to uid mechanics. We introduce a conditional architecture
that performs drifting in a learned VAE latent space and uses label-aware masking to align generated samples with
their boundary conditions. Our label-conditioned model matches iterative diffusion in accuracy and ow consis-
tency while running two orders of magnitude faster. Additionally, we propose a spatial-conditioning variant that
establishes a promising path towards generalization to unseen geometries. Ultimately, conditional drifting serves
as a highly ef cient alternative to diffusion based approaches, unlocking real-time CFD surrogates where inference
speed is critical.

Keywords: drifting models; generative surrogate modeling; indoor ow prediction; data-driven uid dynamics

1. Introduction

Indoor air quality (IAQ) is critical for human health, since humans typically spend most of their time

in indoor environments [1]. Ventilation (e.g. window ventilation or mechanical ventilation) effectively
decreases the concentration of all indoor contaminants. Designing them ef ciently requires an accurate
understanding of complex indoor air ow patterns, which are highly sensitive to room geometry, inlet
locations, and ow velocities [2, 3].

While Computational Fluid Dynamics (CFD) provides the high- delity ow elds necessary to op-
timize such environments [4], its notable computational cost precludes rapid design exploration and
real-time ventilation control [5, 6]. This creates a need for data-driven surrogate models capable of
delivering reliable predictions with reduced computational demands [7].

While deterministic architectures like Fourier Neural Operators (FNOs) [8] and coordinate-based
networks [9] offer rapid inference, capturing environments with complex multimodal ow distributions
remains challenging. Generative approaches, such as diffusion models, successfully capture this physical
complexity. However, their iterative nature makes inference computationally heavy [10].

In this work, we explore the potential of adapting novel generative modeling via drifting [11] to
the domain of uid mechanics. Originally designed to evolve pushforward distributions during train-
ing to enable high-quality, one-step generation without iterative inference, we demonstrate an adapted
conditional drifting architecture on 2D indoor ow modeling as a foundational proof-of-concept. Our
main contributions are as followg1) We prove that conditional drifting models can accurately and
ef ciently generate ow elds in a single step(2) We introduce essential modi cations for physical
conditioning, namely latent-space drifting via a learned Variational Autoencoder (VAE) and label-aware
positive masking to enforce boundary conditio() We develop a spatial encoding variant to explore
generalization across unseen room geometries.

2. Related Work

Data-Driven Surrogates for Flow Predictio@eep learning architectures, including convolutional neu-

ral networks (e.g., U-Nets) and FNOs [9, 12], are increasingly used as surrogates of traditional CFD
solvers [8, 9]. While deterministic surrogates can offer dramatic inference speedups and establish strong
global ow priors, they are mostly designed to minimize standard regression losses like Mean Squared
Error. Consequently, such surrogates tend to predict a smoothed expectation of the ow. This can
fail to capture the complex, high-frequency, and multimodal distributions characteristic of indoor envi-
ronments, where minor variations in boundary conditions or obstacles dictate drastically different, yet
equally valid, ow regimes [2].

Generative Modeling for Physical DynamicBo address this smoothing and enable uncertainty-aware
predictions, generative architectures have gained traction. Diffusion model based approaches have been
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established as surrogates for aerodynamic simulations, successfully capturing complex, physically plau-
sible ows [10]. Advanced autoregressive variants extend these capabilities to temporal predictions [13].
However, diffusion relies on an iterative denoising process. The resulting hundreds of neural function
evaluations (NFE) render generation computationally heavy, contradicting the goal of rapid surrogate
modeling. Flow matching approaches reduce this burden by learning continuous-time conditional ows,
requiring fewer sampling steps while extending to unstructured geometries [14, 15]. Nevertheless, ow
matching still relies on numerically integrating an ordinary differential equation during inference [16].
To bypass such iterative sampling, we build upon the recently introduced framework of generative mod-
eling via drifting [11]. Originally designed for image generation and grounded in optimal transport [17],
drifting evolves pushforward distributions during training. By enabling high-quality, one-step generation
(NFE=1), it provides a promising foundation for rapid uid surrogates.

3. Method

3.1. Fundamentals of Drifting Models.

A drifting model [11] is a single-pass netwofk : R® | RP that maps a prior sample p to

an outputx = f (), inducing a pushforward distributioqm = fx p that is trained to match the data
distributionp. Rather than learning an iterative noise-to-data trajectory as in diffusion or ow matching,
drifting models evolve at training time through a drifting eld/,.q(x) that prescribes, at each iteration,
the direction in which a generated sample should move sathpproaches the data distributipnThe

eld is constructed to satisf,,q(x) = 0 wheneverg = p, so equilibrium coincides with distribution
matching. Training thus reduces to a xed-pointupdate () f () + Vpq, (f (), realised as

the stop-gradient loss:

2. (1)
In practiceVyq is instantiated as a kernel-based attraction—repulsion eld driven by positive samples
drawn from the data and negative samples frgmvith the negative samples maintained in a mem-
ory bank to amortise their cost across iterations.f Ass a single-pass network, inference is one-step
(NFE=1), in contrast to the multi-step solvers required by diffusion and ow-based baselines.

L=E f () stopgradf ( )+ Vpq (f ())

3.2. Adjustments for Surrogate Modelling
We adapt the original drifting model along three axes that re ect the different demands of CFD surrogate
modelling compared to natural-image generation: the operating space, the conditioning interface, and
the construction of the drifting eld.
Latent-space drifting via a learned VAHnlike the original work using an ImageNet-pretrained MAE,
we trained a convolutional VAE on our simulation data to ensure a domain-speci ¢ feature extractor.
The VAE maps$4 64velocity eldstoa4 4 16latent representation= E(u) with encodelE.
By performing drifting within this compact, semantically organized latent space and reconstructing via
the decodeb, we maintain structural integrity while avoiding suboptimal pre-trained features.
Conditioning.Whereas the original generator is conditioned on a single class label, each of our samples
carries a condition comprising the inlet position, the outlet position, the room geometry, and a scalar
inlet velocity magnituderi, 2 R. We investigate two encoder variants that differ in how the geometric
information is presented to the network:
 Label-based.Thelabel-basedrariant treats inlet and outlet as discrete identi @rdet_id; outletid)
2 N, drawn from a xed catalogue of room con gurations and embeds each through a learned
embedding table. The room geometry is implicit in the identi er. The label-based variant is restricted
to the con gurations enumerated in its embedding table.
» Spatial. The spatial variant replaces these identi ers with a three-channel binary mask M with
3 H W that explicitly encodes the inlet, outlet, and obstacle locations on the simulation grid,
and processes it through a small convolutional encoder that produces a xed-dimensional vector. The
spatial variant is more exible than the label-based variant and can theoretically generalise better to
arbitrary room layouts, including geometries unseen during training.
In both casesj, is embedded by a small Multilayer Perceptron (MLP) and summed with the geometry
embedding, where the resulting conditioning vedadairives the adapted Diffusion Transformer (DiT)
backbone [18].
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Label-aware positive maskingTo adapt the kernelized drifting formulation [11] to our data-sparse
setting, we introduced a binary compatibility mask. Unlike the original work [11], which assumes large
pools of ground-truth samples per class and processes them in uniform batches, our approach allows
mixed conditions within a batch. We gate the attraction kernel by matgfiirgt; outlet geometry

triples, ensuring generated samples only drift toward compatible positives. While the global repulsion
term remains unchanged, this masking prevents the attraction term from averaging across incompatible
ow regimes, which would otherwise force samples toward a condition-agnostic mean.

3.3. Latent Diffusion Baseline.

We adopted a Latent Diffusion Model baseline [19] inspired by Liu and Thuerey's state-of-the-art work

in RANS-based surrogates [20]. Operating in the sdmé latent space as our drifting model, we used

a lightweight DiT with a 1,000-step cosine schedule. To adapt the model for physical surrogates, we in-
tegrated heterogeneous boundary conditions and in ow parameters via cross-attention layers. Inference
utilized DDIM sampling.

4, Experiments

4.1. Experimental Setup

Training data comprised 2,025 two-dimensional CFD simulations using a steady-state solver executed
in Simcenter STAR-CCM+ using a RANS kturbulence model for incompressible air ow. The com-
putational domain consisted of a square room measuring 1.5 m x 1.5 m. In each simulation, one 0.1
m wide inlet and one 0.1 m wide outlet were active, located on opposite walls. We evaluated three
distinct geometric con gurations: an empty room without obstacles, and two con gurations containing
an obstacle with a diameter of 0.25 m. This obstacle was positioned either squarely in the center of the
domain or offset laterally.

For each geometry, we systematically swept 15 inlet positions, 15 outlet positions, and three con-
stant inlet velocities (0.1, 0.2, and 0.3 m/s), resulting in 675 simulations per con guration. The outlet
was de ned as an atmospheric pressure outlet. The domain was discretized using a polyhedral mesh,
with near-wall prism layers applied around the obstacle, while all walls were treated as no-slip wall
boundaries. Achieving convergence typically required 750-800 seconds of CPU time per simulation.
Following convergence to a steady state, the nal ow elds were averaged over the last 100 iterations
to mitigate residual numerical uctuations. Finally, these high- delity velocity vectors were interpo-
lated onto a 64x64 uniform grid, with a randomly sampled 10% of the complete dataset reserved as the
held-out test set.

4.2. Metrics

We evaluate the predicted velocity el = (t1; %) against the ground truthh = (u; v) along two axes:
eld accuracy and ow-structure consistency. All metrics are computed per sample and reported as mean
standard deviation over the test set.
Field accuracy. Following established relative-RMSE metrics in CFD-surrogate evaluation [21], we
report the range-normalised RMSE (nRMSE), in which the per-sample RMSE is normalised by the
target eld's range. As a scale-free complement we report the coef cient of determina®ié)) &
standard measure of explained variance in indoor-air ow surrogates [22, 23]. To capture directional
agreement independently of magnitude, we additionally report the cosine similarity between predicted
and target vector elds over locations with non-negligible target velocity, which is sensitive to directional
disagreement that NRMSE penalises only indirectly [23].
Flow-structure consistencyfo probe whether predictions preserve the structural properties of the refer-
ence elds, we report two differential diagnostics. We monitor the vorticity as structural quantity relative
to the ground truth [12, 24], to detect over- or under-smoothing of rotational structure. As a complemen-
tary diagnostic we monitor the divergence relative to the ground truth; while divergence is often used as
a structural constraint in physics-informed learning [25], we employ it as a passive diagnostic against
the target divergence. For both quantities we report the gap between predicted and target magnitudes
and the predicted-to-target ratio as a measure of relative structural delity.
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4.3. Results
4.3.1. Quantitative

Table 1 reports the eld-accuracy and ow-structure metrics for the diffusion baseline (chapter 3.3)
and the two drifting variants on the held-out test set. The diffusion baseline is the strongest model
overall, the label-based drifting variant trails it by a small margin, and the spatial drifting variant comes
in third with signi cantly higher variance.

Table 1 Quantitative comparison between the diffusion baseline and our drifting model with label-based and
spatial conditioning. The metrics were calculated on obstacle-free test data in pixel space.

Category Metric Diffusion (baseline) Drifting (label) Drifting (spatial)
ield NRMSE (rangej 0:0592 0:0204 0:0684 0:0209 Q01076 0:0453
glcecuracy Zn 0:8476 0:1228 0:8019 0:1152 Q04251 0:4783
Cos. sim." 0:8108 0:0576 0:7772 0:0661 Q07846 0:1122

Div. gap (pred vs. targe 0:4503 0:0849 0:4224 0:0842 0:4680 0:3316

Flow-struct. Relative divergencé 8:0713 2:1104 7:5579 1:6388 8:2887 5:4017
consistency \ort. gap (pred vs. targe)  0:2895 0:1290 0:2634 0:1312 0:5519 0:4618
Relative vorticity# 1:1635 0:0820 1:1449 0:0861 1:3127 0:2789

Field accuracy.The gap between diffusion and label-based drifting is moderate, supporting our central
claim that a single-pass drifting generator can reach competitive accuracy. The spatial variant sacri ces
a substantial amount of pixel delity, particularly on the nRMSEQ0108 versus0:059 for the label
variant. Cosine similarity shows a smaller gap, indicating that all three models recover the dominant
ow direction even where their magnitudes disagree.

Flow-structure consistencihe label-based drifting model is competitive with the diffusion baseline. It
has a smaller divergence gap422vs. 0:450 and a closer relative-vorticity ratid: (14 vs. 1:16). The

spatial variant again lags, with a vorticity gap that roughly doul®es5@) and a relative vorticity ratio

of 1:31, indicating systematic over-prediction of rotational structure. The increased standard deviations
in the spatial column further suggest that the failure mode is concentrated on a subset of geometries
rather than spread uniformly across the test set.

Although the label-based drifting model yields stronger quantitative results in our experiments, its
reliance on enumerated training con gurations limits its exibility. We view the spatial encoding as
the long-term interface for this class of surrogate, as it fundamentally generalizes to unseen room ge-
ometries. We attribute the current performance gap to the foundational nature of this implementation,
anticipating that future hyperparameter tuning and encoder re nements will naturally improve accuracy.
Inference speediVe measured per-sample inference latency on a single NVIDIA A100, timing the full
inference pipeline with CUDA events. Under this protocol, the drifting model is two orders of magnitude
faster than the diffusion baseline (table 2). The low standard deviations con rm that both distributions
are tight and outlier-free. The current gap re ects a comparison in a less optimised regime. However,
the structural advantages of single-pass inference are clearly visible.

Table 2 Per-sample inference latency on a single NVIDIA A100-SXM4 (80 GB) GPU at batch size 106@er
runs after50 warmup iterations.

Model Conditioning NFE Latency (ms)

Diffusion label-based 1000 18702 771
Drifting label-based 1 6.74 0.36

4.3.2. Qualitative

In the empty-room scenario ( gure 1), both the diffusion baseline and label-based drifting model suc-
cessfully recover the primary ow topology, including the dominant jet and corner recirculation zones.
Although being a single-pass generator, the drifting model (row 1) achieves high structural delity.
While diffusion (row 2) shows slightly lower peak errors within the jet, the drifting model's error dis-
tribution is comparably low across most of the domain. This con rms that drifting can match iterative
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Figure 1 Comparison of predicted velocity elds for the empty-room con guration. (a) is the ground-truth ow
eld from CFD, (b) the predicted velocity vector elds for (1) label-based drifting model and (2) diffusion baseline,
respectively. (c) illustrates the absolute velocity magnitude error compared to the CFD ground truth. Both models
were conditioned on an inlet velocity of 0.20 m/s with identical inlet (blue) and outlet (yellow) positions.

Figure 2 Comparison of two pairs of velocity elds generated by the drifting model with spatial conditioning.
Within each pair, the ground-truth simulation is on the left and the model prediction is on the right. Both cases
utilize xed inlet (7) and outlet (8) positions. The left pair features a left-offset obstacle with inlet velocity of 0.3
m/s, while the right pair features a centered obstacle with inlet velocity 0.1 m/s.

diffusion performance with lower computational cost while preserving essential physics. Both models
exhibit peak errors at jet boundaries, likely due to spatial compression within the VAE architecture.

Figure 2 illustrates the spatial-conditioning variant's performance with obstacles. While trailing the
label-based approach (see table 1), the spatial encoded model captures essential topology, including the
primary jet trajectory, ow splitting, and boundary separation around the cylinder. It also reasonably
approximates wake and corner recirculation locations. The primary discrepancy is in velocity scaling,
where the model produces localized over-predicted speed and rotational structures. These errors directly
align with the elevated relative vorticity metrics observed in the quantitative analysis.

5. Limitations

Our evaluations focus on 2D steady-state ows on xed grids to isolate generative fundamentals. How-
ever, the dataset's sparsity limits the kernel-based drifting eld's potential. Extending to transient 3D
ows and multi-state datasets will better leverage the model's distribution-matching and NFE=1 ef -
ciency. Performance is currently limited by the VAE's 16x spatial compression; closing the gap to
diffusion requires optimizing latent resolution and patch size. Additionally, the spatial conditioning
variant's lag likely stems from lossy geometry mask compression, suggesting a need for richer inter-
faces like cross-attention. Finally, drifting's two-order-of-magnitude speed advantage is an inherent
structural property, providing predictable, high-speed inference without the quality-speed trade-offs of
distilled diffusion. Future benchmarks should include tuned models and direct-regression surrogates to
further validate drifting's utility in steady-state environments.
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6. Conclusion

By adapting a drifting model to 2D steady-state CFD, we achieved performance closely matching a 1000-
step diffusion baseline. Although running two orders of magnitude faster, the label-conditioned drifting
variant produced an normalised RMSE @068 compared to the baseline059 While diffusion

remains more accurate, the narrow gap makes single-step drifting a viable surrogate for cost-constrained
applications. Our methodological contributions, latent-space drifting, spatial-scalar conditioning, and
label-aware attraction masks, provide a reusable framework for scienti c computing surrogates. Future
work will target the spatial-conditioning gap and extend the model to transient 3D regimes to solidify
drifting as a competitive generative surrogate.
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